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OCCUPATION TIME

o d-dimensional process X = (X;)o<¢<1, function f : RY — R

@ occupation time:
t
re(f) ::/ F(X,)dr, 0<t<1
0
@ Example. f =14, A€ Bpa,

Ft(f):/otlA(Xr)dr

= describes how much time X spends in A



ESTIMATION PROBLEM

@ given: discrete sample (XK)

o estimate I, () = [y f(X,)dr by Riemann-estimator

ot (F) = iizjf(x“)



ESTIMATION PROBLEM

@ given: discrete sample (XK)

o estimate I, () = [y f(X,)dr by Riemann-estimator
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e toy example: paths of X and function f are C! such that
FX) = F (X ) )
< / £ (Xs) X,,dh) dr
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RESULTS FROM THE LITERATURE

e Ngo and Ogawa (2011): d =1, X is “nice” diffusion, f = 1[5, 4]

o Foe(Lap) =Tt (o)) = Or (13*)
o rate n3/* optimal

e Kohatsu-Higa et al. (2014): d =1, X is “nice” diffusion

lt+a .
N - , if f a-Holder, o € (0,1
o Foe(F)—Te(f) = Op(n 2) | .(x older, @ € (0,1)
Op (n_3/4), if f in some approx. class &/

e Ganychenko and Kulik (2014): general d, X is Markov process,
conditions on transition density
o e.g. if f bounded, then ¢ () — ¢ (f) = Op ((logn)1/2 n7%>
o e.g. if X is diffusion with smooth coefficients, f a-Hélder, then

Foe(F)—Te(F) = Op ((|og n)Y/2 ,;(%+%)>



OVERVIEW

1. “direct approach’:

e d>1, X is Brownian motion
o unifying rates of convergence

2. using It6 formula:

o d>1, X is continuous semimartingale
o (stable) CLT

3. generator approach

o d>1, X is stationary reversible Markov process
o wait for Jakub's talk...



DIRECT APPROACH

e X = W is Brownian motion, f € CZ(R?), t = 1; then

k=
-1 / /,flE[(f(Wr)_f(Wknl)) (F (W) 7 (Wit )] ot

@ by inverse Fourier transform:

f(W,)—f(Wk;nl): 1 /deﬁf(“) <ei(u,W,)_e—i<u7Wknl>> "

(27)°

[y

IF1a(F) = T2 (F)lIF2p) = E [




DIRECT APPROACH

@ by plug-in for0<s§1,[3:%/\l,

IF1n(F) = T1(F) 72

1 Y 28 2f Pt Jurv®jo1
< T L =
Sz L 70O P e S e
12 (1 & 1 18 1
< Iy - LB w
~ n2ﬁ nkgl (%)2!3—5 n_[;_ (L) /2
n

e fractional Sobolev spaces: s >0,

HRY) = {fe2®):|fllus <o},
(|1l s [+ D F )l 2we)



DIRECT APPROACH

° r1-‘17t2( ) ftz f( )dr rfl t2, n( ) : Z ntZ,,tl +1 f(X%)

Theorem

For0<t; <t <1, fc H(RY), X = W:
Q@ 0<t,0<s<1:

P | ys n e
IPosian) = Ol ey 5 LI 2B

Q 0<ty,s>1:

< Ifllhe

1T ey 2. (F) = Ty, (F) |12y S .

Q@ d=1or Xe=Xo+ W, Xo~ N(O al), a>0: I and 2 also hold for
t1 =0.




CLT: A FUNDAMENTAL DECOMPOSITION

o X; = [y bydr+ [; 6,dW,, for simplicity d =1
@ we have

nt| | nt] | nt]

Y Z=Y (2-E[2d70a])+ ¥ B[ Zd Fea ],

. L
rt (f) - l_,,.,t (f) ==
k=1 k=1 k=1

discrete martingale drift

zkf/% (f(x,) f(xk 1))dr



CLT: A FUNDAMENTAL DECOMPOSITION

° X, = fot b,dr+f0t o,dW,, for simplicity d =1

@ we have
R |nt] | nt] [ nt|
Fe(f)=fae(N=Y Zi= Y (Z%-E|Z|Fes|)+ ¥ B[ 2] Fea |,
k=1 k=1 k=1
discrete martingale drift

Zi= /; (f(X,)f f (xk;l)) dr

o if f € C?, then by Itd's formula

k

k r r
= /“<“f'(xh)dxh+ “f”(xh)d<><>)dr,

nt

Lnt] t
ZE[zk\ﬁk IE % Y A (Xex)ows ~ i/o F(X,)d (X),
k=1

k=1
[nt] Lnt] t
k:l(E[Z E™ (E[Zk\y“])jzﬁé(f/(x ))2~3%/0 (' (X)?d (X)



CLT FOR C2-FUNCTIONS

If f € C2, then we have the stable convergence (on D([0,1]))

1(Fre(N=Te(N) 23 [ (x)ax, —}/tf"(xr>d<x>,

/ G, dW

= 2(f(Xt) f (Xo) +/\/_ (f'(X,)o,) dW,,

where W 1 (Q,.7,P).




BEYOND C2-FUNCTIONS

e for f € CZ by inverse Fourier transform for %+% =1
[5) 1 t2 .
/ f”(Xh)d(X>h:—7/9f(u) 2 (/ e’”X”d(X>h> du,
t1 2 R t1
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BEYOND C2-FUNCTIONS

e for f € CZ by inverse Fourier transform for %+% =1

/: " (Xn)d (X)), = —21n/Rﬁf(U) u? </t2 ei”X”d(X>h> du,

5}
Holder, | | s o 2os [ _i()X,
—— IS NA+ D) F Ol 1(1+]-1) / e d(X)pllLa

t1

@ Fourier-Lebesgue space: p>1,s€R
FLSP(RY) = {f e SR |Ifllprer < oo},
[fllse = N+ FFOllerey,



BEYOND C2-FUNCTIONS

e for f € CZ by inverse Fourier transform for %+% =1

/: " (Xn)d (X)), = —21n/R?f(U) u? </t2 ei“th(X>h> du,

5}

Héld e [ i
L SN+ DEF Ol 1(1+]-1)? 5/ e "% d (X)) 1o

t1

@ Fourier-Lebesgue space: p>1,s€R
FLSP(RY) = {f e SR |Ifllprer < oo},
[fllse = N+ FFOllerey,

o if Ars ®F | (A) = [214(X,)d (X), denotes the occupation measure
of X, then

t . .
[T d ), = [ ok (dy) = (FoX) (@)
51 R

is precisely its Fourier transform



GENERALIZED ITO FORMULA

Grant “some” smoothness assumptions on o. For any 2 < q < oo,
y<1l—d/q, we have

t2 .
9% g llrra = L+ 1D [~ e7%9d (X ooy < o, a5

t1

@ “Some” smoothness assumptions:

e 0:0, >0for0<t<1
o E [supg<s<s [|O54, — 0r]|7] < Cs9* for g > 2, a >1/2 and for all
0<r+s<T,r>0

@ important approximation (inspired by Fournier et al. (2008)) :
ueRY h>0,e=¢(u)>0,

E [e_i<”’x”>} ~FE |:e_’.<U7Xh—s+bh—88+0'h—s(Wh_Wh—£)>



GENERALIZED ITO FORMULA

Theorem

Grant "some” smoothness assumptions on o. Let 0 < t; <t, <1,

p>1,qg>2 such that %4—% =1. If f € FLSP(RY) with s > 1+d/q, then
the function f satisfies the [t6 formula

t2

FX) = FOX)+ [ VFOG), ) + 5. 22, (1),

t1

Where gt)l(,tz (f) = —@ fRd ﬁ'f(u) U,'LIJ' (ft? e_i<u’X’>d<Xi7)<j>r) dU.




CLT FOR SOBOLEV-FUNCTIONS

Theorem

Grant “some” smoothness assumptions on ¢. Let p >1,q > 2 such that

%—I—% =1. If f € FLSP(RY) with s > 1+ d/q, then we have the stable
convergence (on D([0,1]))

1 (Fae () =T (F)) == 5(F(Xe) = £ (X))

t

+ (VF(X,)) o dW,,

S—. NI

N

where W L (Q,.%,P).




SUMMARY

1. “direct approach’:

e d>1, X is Brownian motion, f € H*®

o unifying rates of convergence: e.g. 0 <s <1,
S Fl s (log n) /2
IFe () = Feva (F) 2y < 18—

2.a generalized 1td's formula: f € FLSP(RY) with s > 1+d/q
o f(Xe,) = (X)) + [2(VF(X:),dXe) + 325, (F).

2.b using (generalized) It6 formula:

o d>1, X is cont. semimart., f € FLSP(RY) with s >1+d/q
o (stable) CLT

3. generator approach:

e d>1, X is stationary reversible Markov process
e Jakub's talk is coming up!
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