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Superconductivity and Magnetic Fields

As the intensity of the magnetic �eld gradually

decreases and crosses the critical values HC3
and HC2

,

superconductivity is restored �rst in the surface then

in the bulk. Note: HC3
> HC2

.
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Spectral Theory and Superconductivity

The operator PB = −(∇− iBA0)2 appears in

(StJdeG) St. James, P.G. deGennes.

(FH) S. Fournais, B. Hel�er. Progress in NDE and their applica-
tions. (Vol. 77)

to compute the third critical �eld HC3
.

Superconductivity is lost in samples subject to a mag-

netic �eld of intensity B > HC3
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Spectral Theory and Superconductivity

B > 0 , A0(x1, x2) =
1

2
(−x2, x1) , PB = −(∇−iBA0)2 .

• PB in R2 (spectrum=Landau levels={1B,3B, etc})

• PB in R2
+ (spectrum=[BΘ0,∞) - Θ0 ≈ 0.59)

• PB in a domain Ω ⊂ R2 with Dirichlet or Neumann

condition

• Application: HC2
≈ κ ; HC3

≈ κ/Θ0
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The Critical Field HC2

Superconductivity is Back.. in the Bulk:

Abrikosov: There is a critical �eld HC2
≈ κ such that,

near HC2
, superconductivity is uniformly distributed in

the bulk of the sample. Between HC2
and HC3

super-

conductivity disappears in the bulk and appears in

the surface.
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Magnetic Periodic Condition (Mag Per Cond):

• The magnetic potential: A0(x1, x2) = 1
2(−x2, x1)

• The lattice's cell: QR = (−R,R)× (−R,R) ⊂ R2

• A0(x1 +R, x2 +R) = A0(x1, x2) + R
2∇(−x1 + x2)

• (Mag Per Cond): u(x1 + R, x2) = e
iRx2

2 u(x1, x2)

and u(x1, x2 +R) = e
−iRx1

2 u(x1, x2)
will ensure periodicity of

|u(x1, x2)|, |(∇−iA0)u(x1, x2)| and Im
(
u (∇−iA0)u

)
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Magnetic Periodic Condition (Mag Per Cond):

A0(x1 +R, x2) = A0(x1, x2) +
R

2
∇(x2)

A0(x1, x2 +R) = A0(x1, x2) +
R

2
∇(−x1)

u(x1 +R, x2) = e
iRx2

2 u(x1, x2)

u(x1, x2 +R) = e
−iRx1

2 u(x1, x2)
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The Operator with Periodic Conditions:

• The Hilbert space: (with the inner product of L2(QR))

L2
per,mag(QR) = {u ∈ L2

loc(R2) : Mag Per Cond}

• The form domain: {u, (∇− iA0)u ∈ L2
per,mag}

• The operator: PR = −(∇− iA0)2

• The spectrum: {µn = 2n − 1 : n ∈ N}, when
R2 ∈ 2πN

• The advantage: The space ER = Ker(PR − µ1)
is �nite dimensional
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The Abrikosov Energy:

• The functional: EAb(v) =
∫
QR

1
2|v|

4 − |v|2

• The space: v ∈ ER = {u ∈ L2
per,mag : PRu = u}

• Egs,Ab(R) = inf{EAb(v) : v ∈ ER}

• Minimizers: exist because dimER <∞

• Behavior for R large: limR→∞
Egs,Ab(R)
|QR|

= EAb ∈
(−1

2,0)

10



The Bulk Energy:

• The functional: (Given b ∈ (0,1])

EBlk(v) =
∫
QR
b|(∇− iA0)v|2 − |v|2 +

1

2
|v|4

• The space: v ∈ � (Many choices !)

(i) (Dirichlet) � = H1
0(QR)

(ii) (Neumann) � = H1(QR)

(iii) (Mag Per Cond)

• Egs,Blk(b;R) = inf{EBlk(v) : v ∈ �}
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The Bulk Energy:

• The functional: (Given b ∈ (0,1])

EBlk(v) =
∫
QR
b|(∇− iA0)v|2 − |v|2 + 1

2|v|
4

• Egs,Blk(b;R) = inf{EAb(v) : v ∈ �}

• Behavior for R large: limR→∞
Egs,Blk(b;R)
|QR|

= EBlk(b) ∈
(−1

2,0]

• EBlk(·) is increasing; EBlk(b)
∣∣∣
b=1

= 0.
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From Bulk to Abrikosov Energy:

• (Aftalion-Serfaty and Fournais-Kachmar)

d

db

(
EBlk(b)

b− 1

)∣∣∣∣
b=1−

= lim
b→1−

EBlk(b)

(b− 1)2
= EAb

• (Abrikosov) The key is to write v =
√

1− b u and u

an eigenfunction of the periodic operator

(−∇2
A0
u = u). We see that:

EBlk(v) =
∫
QR
b|(∇− iA0)v|2 − |v|2 +

1

2
|v|4

= (b− 1)2
∫
QR

1

2
|u|4 − |u|2 = (b− 1)2EAb(u)
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Density and Abrikosov Energy:

• Let vBlk be a minimizer for EBlk(v)
EBlk(vBlk) ≈ |QR|EBlk(b)

• The equation −b(∇ − iA0)2vBlk = (1 − |vBlk|2)vBlk
yields

1

2

∫
QR
|vBlk|4 = −

∫
QR
|(∇− iA0)vBlk|2 − |vBlk|2 +

1

2
|vBlk|4

= −EBlk(vBlk) ≈ −|QR|EBlk(b)

• As b→ 1−, the approximation EBlk(b) ≈ (b−1)2EAb
yields,

1

2

∫
QR
|vBlk|4 ≈ −(b− 1)2|QR|EAb
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Density and Abrikosov Energy:

• Let uAb be a minimizer for EAb(u)

EAb(uAb) ≈ |QR|EAb

• The de�nition of EAb(u) =
∫
QR

1
2|u|

2 − |u|4 yields

∫
QR
|uAb|2 = −EAb(uAb) +

1

2

∫
QR
|uAb|4

≈ −|QR|EAb +
1

2

∫
QR
|uAb|4
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Density and Abrikosov Energy:

• Let vBlk and uAb be minimizers for EBlk(v) and

EAb(u)

• 1
2

∫
QR
|vBlk|4 ≈ −(b− 1)2|QR|EAb

•
∫
QR
|uAb|2 ≈ −|QR|EAb + 1

2

∫
QR
|uAb|4

• As b→ 1−, it is reasonable to assume vBlk ≈
√

1− b uAb

• Conclusion:
1

|QR|

∫
QR
|vBlk|2 ≈ −EAb
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Connection with the Full Ginzburg-Landau Energy

(Energy estimate)

Ginzburg-Landau Functional:

G(ψ,A) =
∫

Ω

(
|(∇− iκHA)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4

)
dx

+ (κH)2
∫

Ω
|1− curlA|2 dx .

Ω ⊂ R2 , κ > 0, H > 0 .

The ground State Energy:

Egs(κ,H) = inf{G(ψ,A) : (ψ,A) ∈ H1(Ω;C)×H1(Ω;R2)} .
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Connection with the Full Ginzburg-Landau Energy

(Energy estimate)

Ginzburg-Landau Functional:

G(ψ,A) =

∫
Ω

(
|(∇− iκHA)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4

)
dx

+ (κH)2

∫
Ω
|1− curlA|2 dx .

The ground State Energy:

Egs(κ,H) = inf{G(ψ,A) : (ψ,A) ∈ H1(Ω;C)×H1(Ω;R2)} .

Theorem: (Sandier-Serfaty) Let b ∈ (0,1] and

H = bκ. As κ→∞,

Egs(κ,H) = κ2|Ω|EBlk(b) + o(κ2)
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Connection with the Full Ginzburg-Landau Energy

(Energy estimate)

Theorem: (Sandier-Serfaty) Let b ∈ (0,1] and H = bκ.

Egs(κ,H) = κ2|Ω|EBlk(b) + o(κ2)

For b ≈ 1 ? (EBlk(b) ≈ EBlk(1) = 0)

Theorem: (Fournais-Kachmar) Suppose that

H = κ− µ(κ) and
√
κ � µ(κ)� κ, i.e.

µ(κ) > 0 , lim
κ→∞

µ(κ)
√
κ

=∞, lim
κ→∞

µ(κ)

κ
= 0 .

As κ→∞,

Egs(κ,H) = [κ−H]2|Ω|EAb + o
(
[κ−H]2

)
This is consistent with b = H

κ
; b ≈ 1; EBlk(b) ≈ (1 − b)2EAb;

[κ−H]2 = κ2 [1− H
κ

]2

19



Connection with the Full GL Energy

(Density of Superconductivity)

Ginzburg-Landau Functional:

G(ψ,A) =

∫
Ω

(
|(∇− iκHA)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4

)
dx

+ (κH)2

∫
Ω
|1− curlA|2 dx .

The ground State Energy:

Egs(κ,H) = inf{G(ψ,A) : (ψ,A) ∈ H1(Ω;C)×H1(Ω;R2)} .

Theorem: (Kac) Suppose that H = κ − µ(κ) and√
κ � µ(κ) � κ. Let (ψ,A) be a minimizer of GL. As

κ→∞∫
Ω
|ψ|2 dx = −2

[
1−

H

κ

]
EAb + o

([
1−

H

κ

])
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surface of revolutionM, the en-

ergy is (Contreras-Sternberg)

EM(ψ) =
∫
M
|(∇M − iκHAe)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4

Ae(x1, x2, x3) = (−x2
2 ,

x1
2 ,0)

curlAe = β = (0,0,1)

B = curlMAe = (β ·N)× non− vanishing function

N = unit normal vector of M
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surface of revolutionM, the en-

ergy is (Contreras-Sternberg)

EM(ψ) =
∫
M
|(∇M − iκHAe)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surfaceM, the energy is (Contreras-

Sternberg)

EM(ψ) =
∫
M
|(∇− iκHAe)ψ|2 − κ2|ψ|2 +

κ2

2
|ψ|4

A simple model is given by

EL,R(u) =
∫

(−R,R)×R
|(∇−iAmod)u|2−L−2/3|u|2+

L−2/3

2
|u|4

Amod(x) =
(
−
x2

2

2
,0
)
, B = curlAmod = x2

R� 1, L > 0.
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From Constant to Vanishing Magnetic Fields:

The ground state energy for the simple model on a

surface is

e(L;R) = inf
u
EL,R(u) ,

The following limit exists (Hel�er-Kachmar),

e(L) = lim
R→∞

e(L;R)

2R

As L→ 0+, e(L) is obtained from the bulk energy,

e(L) = L−4/3
∫ 1

0
EBlk(b) db+ o(L−4/3)
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Central Role of Bulk Energy:

Abrikosov Energyx derivative of EBlk(b)
b−1 and b→ 1−

integral of EBlk(b)
EBlk(b) −→ superconducting surfaces

y b→ 0+

Sandier − Serfaty (vortices)
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