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Introduction

The study of the roots of random polynomials is among the most
important and popular topics in mathematics and in some areas of
physics. In spite of its rich history it is an extremely active field.
The case of algebraic polynomials Py(t) = 27:1 ajt/ with
independent identically distributed coefficients was studied and was

completely understood during the 70s.
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Introduction

The case of systems of polynomial equations seems to be
considerably harder and has received much less attention. The
results in this direction are confined to the Shub-Smale model and
some other invariant distributions. Recently, F. Dalmao obtained
the asymptotic variance and a CLT for the number of zeros as the
degree d goes to infinity in the one dimensional case.

We present a generalization of Dalmao result to the case of
Kostlan-Shub-Smale random systems with m equations and m
variables. Our study is deeply inspired in the recent work of
Estrade & Ledn.
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Main Result

We pass now to define a Shub-Smale system. Consider a square
system P = 0 of m polynomial equations in m variables. We
assume that the equations have the same degree d > 1. Let

P=(P1,...,Pm), we can write each polynomial Py in the form
(t) = (0) 1
Pt)= > a'd,
lil<d
where

1. d is the common degree of the polynomial Py,
2. j="0(01,---,Jm) € N™ is a multi-index of nonnegative integers
and || =37 i,

0 _ 0
3' 9j o aj1~~~jm

4. t=(t1,...,tm) is a point in R™ and #/ =[]}, t;;k.

€ R is one of the coefficients,
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Main Result

We say that P has the Kostlan-Shub-Smale (KSS for short)

distribution if the coefficients aj(.é) are independent mean zero
gaussian r.v. with variances

Var (47) - @ ‘11!...jm7(!d— Y

We are interested in the number of real roots of P that we denote
by NF. Shub and Smale proved that E(N}) = d™/2.
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Main Result

Our main result is the following.

Theorem
Let P be a KSS random polynomial system of dimension m and
degree d. Then,
. Var(NF) 9
dllﬁmoo dm/2 N VOC’
where 0 < V2 < oo is given below. Moreover

NE — dm/2

Cd = dm/4

converges in distribution towards a centered Gaussian random
variable with variance V2 as d tends to cc.
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Main Result

First we homogenize the polynomials. More precisely, We multiply
the monomial in P, corresponding to the index j by t Ul et
Y = (Y1,..., Ym) denote the resulting vector of m homogeneous
polynomials in m + 1 real variables with common degree d > 1.

We have, .
:ZQJ@H, (=1,...,m,
lj|=d
where this time j = (jo,...,jm) € N L J() aj(o)j €R;
t=(to,....tm) € R™L [j| = Y7 ji and o = [[fLq th.
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Main Result

Since Y is homogeneous, its roots consists of lines through 0 in
R™ 1. Each root of P correspond exactly to two (opposite) roots
of Y on the unit sphere S™ of R™*!. That is, denoting by N}; the
number of roots of P on R™ and by NZ the number of roots of Y
on 5™, we have N = NY /2. We work with Y. Multinomial
formula shows that for all s, t € R™! we have

E(Yi(s)Ye(t)) =< s,t > 60,

where < -, - > is the usual inner product in R™*1. As a
consequence we see that the distribution of the system Y is
invariant under the action of the orthogonal group in R™*1,
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Variance of the number of roots.

STEP 0: Integral formula
We obtain an integral expression for the normalized variance via
Rice Formula. Such a formula gives a expression for the factorial

moment.
NY 1 m/2
Var (/\/f,’) = Var <2d> = JE(NJ(NY = 1)) —d™ + d2

The following expression can be found in Section 12.1.2 of
Azais-Wschebor book. Below || - |4y and j, 7; denote the norm in
R¥ and independent standard Gaussians respectively.

E(NY (NY — 1)) = (;’;m //( o Azfs(fzg))m/zAm(ds)Am(dt),

where
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Variance of the number of roots.

Ag(x)=(1— x2d*2)m771(a§(X) _ 7.3()())1/2

m—1 d 1
H E [”ka(k |7k + (2dz)1/2§k‘(k)}

E [lenllmlin + s esrtalln] ¢
with
2d—-2 X2
A = 1- 2L
—x2
Td(X) d-2 [1 — dl(l_ X2d):|
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Variance of the number of roots.

STEP 1: Reduction to a simple integral. Let us introduce

pa(x) = (1 — cos™(x)) ™%, 2)
qa(x) = (1 — cos?d~3(x)) "7
ra(x

(aﬁ(cos(x)) — 72(cos(x)))/2

)
)
)
)=

d—1
M) = B [l6ulipln + Sl k= 1o =1
Muma(x) = E [ugmmmmm (C‘f() (s ¢ ] .

and also )
g = B (l€ulfyy) = 220,
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Variance of the number of roots.

Lemma
Let the above notations prevail. We have

E(NY(NY - 1)) = ST, 3)

(27) W1

I = /2 sin™(¢0)pa(0)ga(do)ra(d0) [ [ Mia(do)ddo.  (4)
J0 k=1

And wy, is the Wallis' integral of m order.
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Variance of the number of roots.

Proof. By the invariance of the law of Y under isometries, we can
fix s at, say, s = ¢g = (1,0,...,0). Equation (10) reduces to

d” m Aq({eo, 1))
(27r)m)\m(5 )/sm (1— (eg, £)2%)m/2

Note that (eg, t) = tp, that is, the integrand depends only on one
of the coordinates of t. Thus, it is convenient to we write the
integral in terms of spherical coordinates. Then,

(e, t) = to = cos(¢p) and denoting J,, the Jacobian of the change
of variables to spherical coordinates we have

E(NY (NY — 1)) = Am(dt).
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Variance of the number of roots.

E(NY (NY - 1)) = (2"7["),,7Am(sm>

- / Iy ... dbmr
[0,7)m~2x[0,27)

T A 4(cos(¢o))
/0 sin 1(¢0). (1—COS2d(¢0))m/2d¢0.

The integrand is symmetric w.r.t. ¢ = 7/2
E(NY (NY — 1))
AT [P Ba(cos(d)
- (27T)me—1/o sin™"(¢o) - (1 — cos29(g))™/2

With the notations introduced in (2) we can write
Ag(cos(¢o)) = qa(o)ra(Po) [1h—1 Ma k(¢o). The result follows.

débo.
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Variance of the number of roots.

t

STEP 3: We use the change of variable ¢g = —= and subtract the

Vd

expectation term for getting

AE(NY (N —1)) = d™
dm/2

2 m VdZT
_ )‘m(s ) / 2 me—l Sinmil <t>
42m)"Wm—1 Jo Vd

Pd(t)q H/V/kd*Hmm
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Variance of the number of roots.

Taking limit when d — oo we have

1 )\2 m
Vo20 = 4+ L
2 42m)MWp—1

R a*(t) — T2(t /2 1 m o
/0 tm1 {(1)_6_#()} kl_[ M (t) — kl_[ m3? 1| dt < oc.
=1 =1

It is important to point out the reason of the above convergence.
All is based on the fact that when d — oo,

< e, t >9= (cos(¢))? = (cos(—=))? — e 2.

In the third equality we have used the suggested change of variable.
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Chaotic expansion

We need to introduce the Hermite polynomials H,(x) defined by
Ho(x) =1 and Hp11(x) = xHu(x) — nHp—1(x). The
multi-dimensional versions are, for multi-indexes o = (o) € N™
and B = (Bek) € N™  and vectors x = (x;) € N and

x = (x¢ k) € N™,

m
H Ha,(ye), Hg(x H H/BEk Xék
(=1 £,k=1

From now on we consider the normalize the vector
— Y(t
Y'(t) := Y@t ),
Vd

Note that each component of Y/(t) have unit variance.
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Chaotic expansion

Proposition
We have, in the L? sense, that

NY —2dm?2 &
G = =g = 2 laa

where

lgd = dm/4/ f,(X(£), Y/(£)) Am(dt),
with
fa,x) = Y bafgHa(x)Hg(x').
loe+[Bl=q
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Chaotic expansion

This proposition is consequence of the following lemma. Consider
the approximation

N = /m | det(X'(1))|0=(X(£)) Am(dt), (3)

being 6. = [}, 2—161%(,5”<€ and X’ the matrix which columns are
the gradients, relative to the sphere, of the polynomials Xj.
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Chaotic expansion

Lemma
For v € R™, let NX(v) denote the number of roots of the equation
X(t) = v. Then,

1. NX(v) € L2 for all v.

2. N — N()f almost surely and in the L? sense as ¢ — 0.

3. The random variable NC),( admits a Hermite's expansion.
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Chaotic expansion

This convergence allows us getting a Hermite's expansion. In first

place we have d.(y) = [[_; d:(y;) with d-(-) an approximated
Dirac’s delta. Let us conS|der the Hermite orthogonal basis for the
Gaussian N(0, /2 m2). We have

:i > b Ha(x

| det(x’ Z > faHp(X

#=0 |B|=r

o
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Chaotic expansion

Furthermore, we have that there exists lim._,o b5, = be. It holds
ba = [Tke1 bay With by, = ;L10(0)Hk(0) and the f3 result the

Hermite coefficients of f : R™ — R such that f(x') = | det(x')|.
Now, taking limit into the chaos and regrouping terms we get that

WO =™ [ ST bafaHa(X()Ha(Y () An(ck).
q=0 la+]B|=q

It is important to point out that given that | det(x)| is an even
function and Hp,41(0) = 0, only the even coefficients remain.
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The Central Limit Theorem

By Theorem 11.8.3 in Peccati and Taqqu book, in order to get a
CLT we need to check

Point 1. The existence of the limit of the variance of /, 4 for each q.
Point 2. That the tail 3 22 o, Var(ly q) is negligible as Q — oc.

Point 3. That each /; 4 converges in distribution towards a Normal
random variable.
We will prove Point 1 only. Point 2 is a consequence of the
convergence of the variance and Point 3 is obtained by showing
that the contractions tend to zero.
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The Central Limit Theorem

Now
m/4 X
SIS S bufi [ H(YEDHAY () dn(
9=1|a|+[8l=q
m/4 g _,
- d2 ;/mgq(Y(t),Y(t))d)\m(t).

We will compute the variance of each term corresponding to a
fixed q.
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The Central Limit Theorem

Thus

Var( | ga(Y(1).Y'(1))dAm(1))

/ / ba fg by fﬂ/
Ssm

|oe|+]B]= Ia’|+|5’\ =q

XE[Ha(Y (£)) H5(Y (£))Har (Y () Har (Y ()] dAm(£)dAm(5)-()
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The Central Limit Theorem

So by using the diagram formula for fourth random Gaussian
vectors we get that

/

(£))Har (Y (5)) Hgr (Y (5))]

= Hi(< s, t>).

E[Ha(Y(t))Hs(Y

Where (< s, t >) is a certain polynomial function of covariances
between the processes and their derivatives on the sphere.
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The Central Limit Theorem

Now we can compute the limit of the variance in each term of the
chaos expansion This is

dm/4
/m o HI(< s, t >)Am(s)Am(t).

t t
W)Hg(cosd(ﬁ))dt.
where we have applied the invariance with respect the orthogonal
group and that the domain of integration reduces, by symmetry, to
the interval [0,v/d7/2].

The convergence now follows by using for the covariances p_. the
same methods used to establish the asymptotic for the variance.

2 m - d7 /2
_ 5 m(S™) )/ / d(m=1)/2 ginm=1(
0

Wm—-1
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The Central Limit Theorem
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The Central Limit Theorem
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