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Random walks in random environments in the literature

H Recurrence [ Invariance principles |

Models and transience | annealed quenched |

Percolation cluster

and random [Grimmett et al.; 93] [De Masi et al.; "89]
conductances in Z¢

[Berger, Biskup; '07],
[Biskup, Prescott; '07],

Complete graph
generated by
point proc. in RY, [Caputo et al.; '09] [Faggionato et al.; '06]| [Caputo et al.; '13],

transition probab.
¢ with distance

Delaunay ([Addario-Berry, Sarkar; '05])
triangulation
generated by PPP

[Ferrari et al.; '12],
(d=2)
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[Biskup, Prescott; '07],

Complete graph
generated by
point proc. in RY, [Caputo et al.; '09] [Faggionato et al.; '06]| [Caputo et al.; '13],

transition probab.
¢ with distance

Delaunay ([Addario-Berry, Sarkar; '05]) [Ferrari et al.; '12],
triangulation [R.; 16+7] (d=2)
generated by PPP [R.; "15] [R.; "15], (d > 2)
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Quenched invariance principle

Notations:
> (X,?) o simple nearest neighbor random walk on DT (&)
ne

> Pf: law of (Xf)neN starting at x € &

> Bi(t)=¢ (ng,m + (22t — [e2t)) (xfg,%J+1 - ng,zu)) . t>0

Theorem [R.; '15]

For all T > 0, for a.e. &, for all x € &, the law of (Bg(t)) . induced by P¢ on C([0, T]; RY)

0<t<

converges weakly, as ¢ — 0, to the law of a Brownian motion (Bf>0< . starting at x with
7t7

covariance matrix o2 15 where 2 is positive and does not depend on &.
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Martingale decomposition

For a.e. &, for x € €, we want to write:

X§ = M§ + RS

with

(MS) EN: Pf—martingale
n
— converges to a BM by Lindeberg-Feller functional CLT

and

(R,§> . corrector
neN :

R,
—2 =0a.s.

< negligible at the diffusive scale: nl;n;o NG

Arnaud Rousselle Quenched invariance principle GeoSto, Nantes, April 4-8, 2016 6 /24



A martingale

Arnaud Rousselle . Quenche invariance principle GeoSto, Nantes, April 4-8, 2016 7/24



Harmonic deformation of a Delaunay triangulation
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Figure: From Harmonic deformation of Delaunay triangulations by P. A. Ferrari, R.M. Grisi and P. Groisman.
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Construction of the martingale (1/3)

Let 41 be the measure on Ny x R? defined by:
[ran=[ (60~ ) Po(a),
No x~0

where Py denotes the Palm measure associated with the PPP.
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Construction of the martingale (1/3)

Let 41 be the measure on Ny x R? defined by:
[ran=[ (60~ ) Po(a),
No x~0

where Py denotes the Palm measure associated with the PPP.

Weil decomposition of L?(1:)

L2(u) - Lpot(:u‘) EB I‘sc:)l( )

with

Lgot(y): closure of the space of gradients of bounded meas. functions
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Construction of the martingale (2/3)

Consider the projection
p: (€% x) — x.
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Construction of the martingale (2/3)

Consider the projection
p: (€% x) — x.

Note that it is in L?(u) since

/ pPdu= /N S [x2Po(d )
50

0 x~0

< / deggo(0) max x|2Po(d €%)
No xgéO

1
2

2 0% 4 0
< (f,, ders(0°Potae)) /Nor{%§|x|v>o(df) < .
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Construction of the martingale (2/3)

Consider the projection
p: (€% x) — x.

Note that it is in L?(u) since

Jlefdn= [ S IxEroee?)
50

0 x~0

< / deggo(0) max x|2Po(d €%)
No xgéO

1
2

2 O% 4 0
< (f,, ders(0°Potae)) /Nor{%§|x|v>o(df) < .

So, we can write
p= x +
ELgot(“) ELzol(“)
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Construction of the martingale (3/3)

Since ¢ € Lfol(u) is antisymmetric

Z %) (go,x) =0, for Po-a.e. &0,
x~0

£0
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Construction of the martingale (3/3)

Since ¢ € Lfol(u) is antisymmetric

Z %) (go,x) =0, for Po-a.e. &0,
x~0

£0

and actually

Zg@(nﬁ,y—x):o, for all x € &, for P-a.e. &.

yoox
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Construction of the martingale (3/3)

Since ¢ € Lfol(u) is antisymmetric

Z %) (go,x) =0, for Po-a.e. &0,
x~0

£0

and actually
Zg@(nﬁ,y—x):o, for all x € &, for P-a.e. &.

yrox
Thus,
n—1
ME=Y "o <TX§5,X,5+1 —X,-E) = (Txogg, X5 — X§)
i=0 !

is a Pf—martingale.
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The corrector

It remains to prove that

lim max M —0 as.
n—=+00 yegn[—n,n)? n
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The corrector

It remains to prove that

lim max M —0 as.

n—=+oo yegn[—n,n)d n
By the maximum principle, it suffices to show that

lim max M —0 as.

=400 yeG oo (§)N[—n,n]? n

where G (€) is an infinite connected subgraph of DT(&) such that each connected component of

DT(&) \ Goo (§) is finite.
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Sublinearity of the corrector in Goo(€) ‘a la [Biskup, Prescott, '07]" (1/3)

Sublinearity on average:

X 1
Ve > 0, nllToo n7 Z l\x(Txf,y—x)\an =0
y€Goo (§)N[—n,n]d

> ergodicity arguments

> directional sublinearity

> extension dimension by dimension

Arnaud Rousselle Quenched invariance principle GeoSto, Nantes, April 4-8, 2016 13 /24



Sublinearity of the corrector in Goo(€) ‘a la [Biskup, Prescott, '07]" (2/3)

Polynomial growth:

30 >0, lim max (& y =Xl _ g

100 Y€ G (€)N[—n,n] n®

> analytic properties of x
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Sublinearity of the corrector in G (&) ‘a la [Biskup, Prescott, '07]" (3/3)

Diffusive bounds:
Define Ty =inf{j > 1: X} € Goo (&)}
The random walk (Yf)tzo with generator
(ﬁ‘cf) = > PXE =y](FY) - F(¥)
¥ €500 (8)
satisfies

sup max sup max (t_%E}‘,E [|Ytg —y|] s t—%Pyg {Yf = y]) < 400 a.s.
n>1y€Goo (€)N[—n,nld t>n

» distance comparison
> isoperimetric inequalities

> heat kernel estimates for (Yf)tzo (see [Morris, Peres; '05])

Arnaud Rousselle Quenched invariance principle GeoSto, Nantes, April 4-8, 2016 15 / 24



Construction of G(€) (1/3)

| ’ o o o, We part R? into boxes B, of side K, z € Z9, and
1 ° °, L4 subdivise each box into sub-boxes of side ayK.
o of oo, A
o ° o i o s |° ° °
Lo ke " o L . We say that B, is good if:
A oo T ° e > each sub-box of side ayK included in
R | o o d o B, U B, contains at least a point of &,
s N g 5 |z —2z|<1
I R M >#(5mE>§D.
o° 8 °° S DA e
o4 B
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Construction of G(€) (1/3)

We part RY into boxes B, of side K, z € Z9, and
subdivise each box into sub-boxes of side ayK.

We say that B; is good if:

> each sub-box of side ayK included in

B, = U B, contains at least a point of &,
|z —z|<1

> #(¢nB:) <.
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Construction of G(€) (1/3)

We part R? into boxes B, of side K, z € Z9, and
subdivise each box into sub-boxes of side ayK.

We say that B, is good if:

> each sub-box of side ayK included in

B, = U B, contains at least a point of &,
|2/ —z|<1

> #(¢nB) <.

If K and D are well chosen, the process of the good boxes stochastically dominates an indep.
percolation process with parameter p € (1 — pc(Z9),1).
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Construction of G(€) (2/3)

Goo = ‘the infinite cluster of percolation’

G. = ‘the maximal connected component of Goo N [—L, L]¥’
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Construction of G(€) (3/3)

Goo(§) ={x€&: T2 G sit. Vorg(x)N B, # 0}
Gi(6)={x€&: Tz G st. Vorg(x)NB, #0}
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Isoperimetric inequality in G; (&) (1/5)

For A C G((&), define

jLé _ 2xealyens vy in DT(0)
A deg, (A)
where A° = G (£) \ A and deg, (A) = >_ . 4 deg, (x).

There exists ¢ > 0 such that a.s. for L large enough

1 1
1> d
deg, (A)d log(L)d-1

IAL")3 > cmin

for every A C G, (&) with deg, (A) < 3 deg,; (G.(€)).
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Isoperimetric inequality in G; (&) (2/5)

For A C G, (&), define

L(A) ={z€G,: Ix € As.t.Vorg(x) N B, # 0} .

Note that
#L(A)
2d -

—— ———
<D#L(4) <D
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Isoperimetric inequality in G; (&) (2/5)

For A C G/ (€), define
L(A) ={z€G,: Ix € As.t.Vorg(x) N B, # 0} .

Note that
#L(A)
2d -

—— ———
<D#L(4) <D

We distinguish the cases whether or not #L(A) > (1 — ﬁ) #Gy.
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Isoperimetric inequality in G/ () (3/5): case #L(A) > (1 — ﬁ) #Gy

Since deg; (A) < %degL(gL(f)), we have

#Gr

G
saipz 2 #(L(A)NL(AY) > #G1

= od+1p2°

#IL(A) >
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Isoperimetric inequality in G.(€) (3/5): case #L(A) > (1 — 57555 ) #G1

Since deg; (A) < %degL(QL(f)), we have

G G
zjjléz and  # (L(A) NL(A%)) > #G1

#L(Ac) > = od+1p2°

If z € L(A) NIL(A), there exists an edge between a point of A and a point of A° contained in

7

[T

Figure: A box in L(A) N L(A)
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Isoperimetric inequality in G.(€) (3/5): case #L(A) > (1 — 57555 ) #G1

Since deg; (A) < %degL(QL(f)), we have

G G
zjjléz and  # (L(A) NL(A%)) > #G1

#L(Ac) > = od+1p2°

If z € L(A) NIL(A), there exists an edge between a point of A and a point of A° contained in

il .”‘: W

7

D

[T

Figure: A box in L(A) N L(A)
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Isoperimetric inequality in G.(€) (3/5): case #L(A) > (1 — 57555 ) #G1

Since deg; (A) < %degL(QL(f)), we have

G G
jil[)z and  # (L(A) NL(A%)) > #G1

#L(Ac) > = od+1p2°

If z € L(A) NIL(A), there exists an edge between a point of A and a point of A° contained in

Figure: A box in L(A) N L(A)

Arnaud Rousselle Quenched invariance principle GeoSto, Nantes, April 4-8, 2016 21 /24



Isoperimetric inequality in G/ () (3/5): case #L(A) > (1 — ﬁ) #Gy

Since deg; (A) < %degL(gL(f)), we have

G G
23‘152 and  # (L(A) NL(A%)) > #G1

#L(AC) > = od+1p2°

If z € L(A) NIL(A), there exists an edge between a point of A and a point of A° contained in

This implies that

L(A) NL(Ac
S s, s FEANLAY | #G
3d 4 x 69 x D?
XEAy€EA®

so that
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Isoperimetric inequality in G.(€) (4/5): case #L(A) < (1 — 57555 ) #G1

If zc IL(A) and 2 € G, \ IL(A) are neighbors, there exists an edge between a point of A and a
point of A€ contained in B; U B].

Arnaud Rousselle

-

LAY

SBE a0

5
.

Figure: A box in L(A) and its neighbor in G, \ L(A)
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Isoperimetric inequality in G.(€) (4/5): case #L(A) < (1 — 57555 ) #G1

If zc IL(A) and 2 € G, \ IL(A) are neighbors, there exists an edge between a point of A and a
point of A€ contained in B; U B].

Figure: A box in L(A) and its neighbor in G, \ L(A)
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Isoperimetric inequality in G.(€) (4/5): case #L(A) < (1 — 57555 ) #G1

If zc IL(A) and 2 € G, \ IL(A) are neighbors, there exists an edge between a point of A and a
point of A€ contained in B; U B].

Figure: A box in L(A) and its neighbor in G, \ L(A)
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Isoperimetric inequality in G/ () (4/5): case #L(A) < (1 — ﬁ) #Gy

If zc IL(A) and 2 € G, \ L(A) are neighbors, there exists an edge between a point of A and a
point of A€ contained in B, U B].

It follows that

373 Lewy > dmax (# (AL(A)), # (9 (GL \ L(A)))) -

xEAy€EAC
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Isoperimetric inequality in G/ () (4/5): case #L(A) < (1 — ﬁ) #Gy

If zc IL(A) and 2 € G, \ L(A) are neighbors, there exists an edge between a point of A and a

point of A€ contained in B, U B].

It follows that

373 Lewy > dmax (# (AL(A)), # (9 (GL \ L(A)))) -

xEAy€EAC
Besides, )
#UA) < (1= 5555 ) LA+ # 6L\ LA)).
Hence,
deg; (A) < D*#L(A) < D*(2772D* — 1)# (G, \ L(A))
and

JLE S J # (0A)
AT D2(2d+2D2 — 1) #A

for A = L(A) or G, \ L(A).
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Isoperimetric inequality in G.(€) (5/5): case #L(A) < (1 — 57555 ) #G1

By applying

Isoperimetric inequality in G, (see e.g. [Caputo, Faggionato; '07])

There exists & > 0 such that almost surely for L large enough, for A C G(;) with 0 < #(A) <
$#(Gwy)

#(BA)znmin{ ! 1,71 7 }

#(A) #(A)  log(L)71

and then (1), one finally obtains that

158> Ko min ! !
AT DD 1) T\ p(a)E rog(L) e

- KO i 1 1
> min , .
2D?(29+2D? — 1) deg (A)7  log(L)7T
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