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Plan of today’s talk

1. Adaptive ML type estimation for small diffusion processes in the case

when #ﬁ = O(1).

2. Adaptive Bayes type estimation and hybrid type estimation for small
diffusion processes.



1. Adaptive ML type estimation for small diffusion processes

We consider a d-dimensional diffusion process defined by the stochastic differential equa-
tions

{dxt=a(xt,a)dt+eb(xt,5)dwt, t€[0,T], e€(0,1], (1)

XO — X0,

where
w IS an r-dimensional standard Wiener process,
xo 1S a deterministic initial condition and

0 = (a,B) € ©, x ©p with ©, and ©3 being compact convex subsets of R? and RY,
respectively.

Moreover, € and 1" are known constants,
a Rix©,—RIand b:RIx O3 > RIQR".
0* = (a*, 8*) is the true value of 6.

We assume that 6* € Int(©) and the parameter spaces have locally Lipschitz boundaries,
see Adam and Fournier (2003).

The data are discrete observations X, = (X )o<i<n With t? = ih, and h, =T /n.

The asymptotics will be considered for ¢ -+ 0, n — oo and ﬁ = O(1). Furthermore,
there exists a constant v € (0, 1] such that e(y/n)? = O(1).



History
For statistics of small diffusion processes, there are many work.

A family of small diffusion processes defined by () is an important class of dynamical
systems with small perturbations. For dynamical systems with small perturbations, see
Azencott (1982) and Freidlin and Wentzell (1998).

Statistical inference for continuously observed small diffusion processes is well developed
by Kutoyants (1984, 1994), Yoshida (1992a, 2003), Iacus (2000), Iacus and Kutoyants
(2001), Uchida and Yoshida (2004a) and references therein.

Furthermore, there are a number of researches on parametric inference for discretely
observed small diffusion processes, see Genon-Catalot (1990), Laredo (1990), Sdgrensen
(2000, 2012), Sgrensen and Uchida (2003), Uchida (2003, 2004, 2006, 2008), Gloter
and Sgrensen (2009) and Guy et. al. (2014).

For applications of small diffusion processes to mathematical finance, see Yoshida
(1992b), Kunitomo and Takahashi (2001), Takahashi and Yoshida (2004), Uchida and
Yoshida (2004b) and references therein.



Notation and Assumptions

Let XtO be the solution of the ordinary differential equation corresponding to e =0, i.e.,
dX?P = a(X?,a*)dt, XJ = xo.

Set A®? = AA* and C[A] = tr(CA*) for matrices A and C of the same size, where x
means the transpose.

Let B(z,B) = bb*(z,8), AX; = Xy, — Xy, ai1(a) = a(Xy,, ) and B 1(8) = B(X:,, ).

For a matrix A, we define |A||?> = tr(AA*) and |-| denote the Euclidian norm.

Let & and i be the convergence in probability and convergence in distribution, respec-
tively.

Let Cf’l(]Rdx ©; R%) denote the space of all functions f satisfying the following conditions:

(i) f(x,0) is an R%valued function on R? x © that is continuously differentiable with

respected to = and 6 up to order k and [, respectively. (ii) for |[n| = 0,1,...,k and

lv| = 0,1,...,1, there exists C > 0 such that sup|6¥9"f| < C(1 + |z|)¢ for all . Here,
0cO

n = (ni,...,ng) and v = (v1,...,y;) are multi-indices, | = dim(©), |n| =n1+ -+ + ny,
|I/| =+ 4y, o = 87111---6351, 0;, = 8/8:&, 1 =1,...,d, oV = 3;1---82/1, ({93' = 8/893',
i=1,...,1.

We simply write || f|la S |lgllar when there exists a constant Cj; > 0 such that || f||x <
Cullgllm for f,g € LM(P).



In this paper, we make the following assumptions.

[A1l] (i) There exists K > 0 such that for all 2,y € R¢,

supa(z, @) — a(y, a)| + sup|lb(z, 8) — by, B)| < Kz — yl,
acO, BEO;

(ii) infdet B(z, ) > 0.

[A2] a(z,a) € CP*(RY x ©4;RY), b(x, B) € CTH(RY x ©4; RTQR").

Let
v =~ [ Ja(x?a) - a(x?,a")d
Rd
(2) _ 1 0 av—1p/ w0 @+ detB(X?,ﬁ)}
O = - [ fer[poe.s) 1B0x0.80 - 1] 109 S5 S b ar
¥ =~ [ BOEEY(a(x?a) - ax?,a") ] d.
Rd

[A3] There exist positive constants x(1), x(2) (3 such that

YO () < —xWBa—a*?
Y@ < —x@|8 -8
Y®(a) < —x®la—a*?

for all a € ©, and B € Og.



Let

o — (<féj<9>)1<z,j<p 0 ) |

0 (1;’9’(9))
1<4,5<q

Iéj(H):/ (Baia(X?,oz*))*B(X?,ﬁ*)@aja(X?,a*)dt,
Rd

I7(0) = %/Rdtr {B~1(85,B)B~*(95,B) (X7, %)} dt.



Joint estimation

The quasi-log likelihood function is defined as

1 n
Uen(a, B) = —EZ{Iog det Bi_1(8) + (&2hy)1BZL(8) |(Aa X — hnai_l(a))@’?}},
=1
The joint estimators a(J) and B&? are defined as
en(ag{z)a (J)) — sup Ue,n(aaﬁ)
ASSINCISISP

Theorem 1 (S(zsrensen and Uchida (2003)) Under some regularity conditions, as e —
0, n — oo and \/_—O(l)

( _1(0‘(J) a’), \/’f_l(Be(},]l) — 5*)> 4 (1, 6) ~ Nptq(0,1(6%)71).



Adaptive estimation

The quasi-log likelihood functions are defined as

1 n
Ue(},b)(a) = —5 Z IAX; — hnaz’—l(a)|2 (Eth)_la
=1

U@ (0,8) = —5 3" {logdet B 1(8) + (h) " BIL(B) [(AXi — haai1()) ]}
1=1

UD (@) = 3 (@ha) BB [(AXi — huai1(a))™?]
=1

The initial estimator 64&) and the adaptive estimators a., and fj., are defined as

v @) = supUP (),
) ) Oéeea )
U2)(@al), Ben) = supU2(all),p),
) b 666/6 b )
Ue(?z)(ae,n736,n) — SUDUE(?@)(C%BE,WJ)-
) Oéeea )



Proposition 1 Assume [A1]-[A3]. Then forall M > 0, ase — 0, n — oo and ﬁ = 0(1),

.
el(aly — o)

(i) sup Ep [ < 0.

€,N

(i) sup By ||v/n(Be — 89)|"] < oo

(i) sup E, Ue_l(&e,n _ a*)‘M} < 0.

€,n

Theorem 2 Assume [A1]-[A3]. Then, as e - 0, n — oo and = 0(1),

1
ev/n
(6_1(546,n — Oé*)a \/H(B\e,n - 5*)) i) (Cla CQ) ~ Np+q(o7 I(e*)_l)

and

Ey- [f (6_1(546,71 — 04*)7 \/E(B\e,n — B*))} — E [f(Cla CQ)]

for all continuous functions f of at most polynomial growth.



Example and simulation results

We consider the following one-dimensional diffusion process

B>+ (X)?

dXf = (a1 — as X — 2sin (a3 X)) dt +
= t ) 1+ B1(X)?

Xo = 2.

dwt7 t e [07 1]7 €cC (07 1]7

where 0 = (a1, az, as, 81, 82) is an unknown parameter, and
the true value is 0* = (o}, ab, 0%, 87, 6%) = (3,7,5,0.5,5).
The parameter space is @° := [0.01,20] x [0.01,20] x [2.4,7.6] x [0.01,20] x [0.01, 20].
We examine the asymptotic behavior of the adaptive ML type estimator § = (Gen, Ben) in Theorem 2 and
the joint ML type estimator 80 = (a'7), 7)) defined by U2 (al), BD)) = sup U2 (a, B).
a,B
We set ¢ = 0.01,0.05,0.1,0.15 and h, = 1/100,1/1000.

The simulations were done for the two cases,

one is the case that the initial value is the true value, and

the other is the case that the initial value is derived from the uniform distribution on &°9.

Here we note that the initial value is used to calculate the ML type estimator with optim () in R.

We calculate the mean and the standard deviation of each estimator from 1000 independent sample paths
based on the true model.
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dX{ = (a1 — axX; — 2sin (a3 X[))dt + ¢

B 4 (X§)?

14 B1(X5)?

dw

Xo = 2.

t

t € [0, 1],

e € (0,1],

Table 1. joint ML type estimator with the initial value being the true value

; - & e e 3 30
3.0 7.0 5.0 0.5 5.0

Loo | 34162 75285 48502 06247  4.9445

015 (1.6327) (1.5710) (0.8656) (0.2765) (0.7191)

L000 | 35418  7.8059  4.9337 05089  4.9841

(1.7199) (1.6563) (0.8562) (0.0670) (0.1914)

lo0 | 31370 71371 48655 06185  4.9313

01 (0.9790) (1.0017) (0.5679) (0.2734) (0.6680)

" [ oo | 32076  7.3499 49577 05081  4.9833

(1.0157) (1.0507) (0.5401) (0.0664) (0.1823)

oo | 29805 68718  4.8844 05953  4.8855

0.05 (0.4225) (0.4629) (0.1882) (0.2367) (0.5253)

' 000 | 30204 70451  4.9828  0.5069  4.9818

(0.4237) (0.4776) (0.1877) (0.0647) (0.1709)

Lo0 | 29589 68170 48923 05515  4.8467

0.01 (0.0816) (0.0910) (0.0357) (0.2246) (0.4982)

' 000 | 29936  6.9818  4.9893  0.5065  4.9812

(0.0818) (0.0943) (0.0354) (0.0641) (0.1669)

When ¢ = 0.05 or 0.01, and n = 1000, both &) and 3{Y) have good behavior.
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dX; = (a1 —axX;—2sin (043Xt6>)dt+61+51(xte)2dwt te[0,1], €€ (0,1],
Xo = 2.
Table 2. adaptive ML type estimator with the initial value being the true value
€ n a1 Qo a3 b1 B2
3.0 7.0 5.0 0.5 5.0
100 3.4605 7.5722 4.8136 0.5921 4.8809
0.15 (1.6985) (1.5909) (0.9786) (0.2441) (0.6398)
1000 3.5562 7.8194 4.9033 0.5070 4.9803
(1.7363) (1.6617) (0.9728) (0.0665) (0.1905)
100 3.1489 7.1589 4.8393 0.5831 4.8709
0.1 (0.9838) (1.0007) (0.6385) (0.2407) (0.6081)
1000 3.2169 7.3667 4.9283 0.506 4.9793
(1.0229) (1.0517) (0.6230) (0.0657) (0.1812)
100 2.9804 6.8725 4.8843 0.5633 4.8352
0.05 (0.4215) (0.4618) (0.1883) (0.2175) (0.5022)
' 1000 3.0203 7.0451 4.9827 0.5046 49779
(0.4237) (0.4776) (0.1877) (0.0644) (0.1705)
100 2.9587 6.8171 4.8928 0.5212 4.7987
0.01 (0.0815) (0.0909) (0.0357) (0.2040) (0.4748)
' 1000 2.9935 6.9818 4.9893 0.5042 49774
(0.0818) (0.0943) (0.0354) (0.0637) (0.1665)

Bo 4 (X§)?

Similarly as the joint estimator in Table 1, both the adaptive estimators @& and B also
have good performance.
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d)(t6 = (oq — OéQXte — 25sin (Ozg,Xf)) dt + €

Xo = 2.

Table 3. initial estimator of the adaptive ML type estimator with the initial value being

B + (X§)?

14 B1(X5)?

the true value

dw

t

t € [0, 1],

€ n at ast al
3.0 7.0 5.0
o0 | 35081  7.6533  4.7968
015 (1.7313) (1.6300) (0.9616)
Loo0 | 35921  7.8896  4.8817
(1.7857) (1.7200) (0.9533)
oo | 31742 72051  4.8189
01 (1.0122) (1.0244) (0.6075)
'~ [ Looo | 32292 73999  4.9076
(1.0553) (1.0879) (0.6089)
oo | 29863 68895  4.8825
0.05 (0.4293) (0.4723) (0.1940)
2 [oo0 | 30206 7.0541  4.9755
(0.4363) (0.4955) (0.1960)
00 | 29610 68225  4.8078
0.01 (0.0827) (0.0931) (0.0365)
U [Looo | 29933 69824 4.9902
(0.0832) (0.0963) (0.0367)

e € (0,1],
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Bo + (X§)?

dX; = (Ozl—OAQXtG—QSIn (043Xt))dt—|—€1+51(Xte)2d’wt te[0,1], €€ (0,1],
Xo = 2.
Table 4. joint ML type estimator with the initial value being the random value
. - &gj) &gj) &gj) Agj) Aéj)
3.0 7.0 5.0 0.5 5.0
100 3.4545 7.4284 5.2094 0.5901 4.9144
0.15 (1.9742) (1.7703) (1.5162) (0.2533) (0.6432)
1000 3.6910 7.8343 4.9913 0.5067 4.9824
(2.2078) (1.9058) (1.3962) (0.0670) (0.1907)
100 3.2023 7.1338 5.0704 0.5885 4.9260
0.1 (1.4402) (1.2781) (1.1601) (0.2755) (0.6705)
1000 3.2593 7.3344 5.1569 0.5044 4.9814
(1.4132) (1.2769) (1.1301) (0.0661) (0.1815)
100 2.9726 6.8559 4.9102 0.5861 4.8888
0.05 (0.4274) (0.4778) (0.4249) (0.2444) (0.5251)
' 1000 3.0110 7.0273 5.0597 0.5039 4.9819
(0.4256) (0.4928) (0.4851) (0.0654) (0.1709)
100 2.9589 6.8170 4.8923 0.5515 4.8467
0.01 (0.0816) (0.0910) (0.0357) (0.2246) (0.4982)
' 1000 2.9926 6.9775 4.9841 0.5055 4.9837
(0.0847) (0.1321) (0.1210) (0.0678) (0.1767)

The s.d. of agj) is larger than the one of ag;” in Table 1 since several estimators ag”
have considerable biases among 1000 sample paths.

14



dX{ = (a1 — axX;—2sin(a3X;))dt+ € n Bl(Xf)zdwt te[0,1], €€ (0,1],
Xo = 2.
Table 5. adaptive ML type estimator with the initial value being the random value
€ n a1 %) a3 B1 B2
3.0 7.0 5.0 0.5 5.0

100 3.6011 7.6240 4.7496 0.5803 4.8658
0.15 (2.0459) (1.7440) (1.2698) (0.2349) (0.5965)

' 1000 3.7217 7.8983 4.7904 0.5060 4.979
(2.0956) (1.8084) (1.2382) (0.0661) (0.1899)

100 3.2182 7.1935 4.8433 0.5740 4.8682
0.1 (1.2804) (1.1531) (0.9191) (0.2457) (0.6083)

' 1000 3.3174 7.4276 4.8770 0.5051 4.9787
(1.4067) (1.2367) (0.8756) (0.0656) (0.1815)

100 2.9808 6.8730 4.8899 0.5608 4.8374
0.05 (0.4219) (0.4623) (0.2232) (0.2204) (0.5019)

' 1000 3.0203 7.0451 4.9827 0.5046 4.9779
(0.4237) (0.4776) (0.1877) (0.0644) (0.1705)

100 2.9587 6.8171 4.8928 0.5212 4.7987
0.01 (0.0815) (0.0909) (0.0357) (0.2040) (0.4747)

' 1000 2.9935 6.9818 4.9893 0.5042 49773
(0.0818) (0.0943) (0.0354) (0.0637) (0.1665)

Bo 4 (X§)?

The s.d. of the adaptive estimator is as small as the one of the adaptive estimator (with
the initial value being the true value) is.
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dXe =
Xo = 2.

Table 6. initial estimator of the adaptive ML type estimator with the initial value being

(a1 — apX; — 2sin (a3 X)) dt + ¢

Bo + (X§)?

14 51(X5)?

the random value

dw, te€[0,1],

€ n att ast al
3.0 7.0 5.0
oo | 36160  7.6670  4.7442
015 (2.0654) (1.7784) (1.2441)
lo00 | 37232 79242 47745
(2.1337) (1.8641) (1.2055)
oo | 32310 72223  4.8267
01 (1.2928) (1.1731) (0.8947)
Lo00 | 33170  7.4414 48573
(1.4227) (1.2634) (0.8504)
00 | 29838 68852  4.8993
0.05 (0.4315) (0.4776) (0.2851)
2 [ooo | 30206 7.0541  4.9755
(0.4363) (0.4955) (0.1960)
oo | 29610 68225  4.8978
0.01 (0.0827) (0.0931) (0.0365)
S oo0 | 29931 69819 4.9901
(0.0841) (0.0978) (0.0368)

e € (0, 1],
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Tables 1-3 are the results of the case with the initial value being the true value and
Tables 4—6 are the ones with the initial value being the random value.

In Tables 1-3, the values of the adaptive estimator seem to be quite similar to the ones of the joint
estimator, that is, there is hardly any difference between the adaptive estimator and the joint estimator
about the estimation accuracy in this model if we choose the true value as the initial value.

However in Table 4, the joint estimator does not have good performance for the drift parameter az when
the initial value is derived from the uniform distribution on @°.

On the other hand, the adaptive estimator for az works well in Tables 5—6 even if the initial value is
derived from the uniform distribution on @0°.

When the case ¢ = 0.15 both estimators show the bad performance. Moreover as ¢ becomes large, the
performance of the estimators grows worse. This is because in these cases the diffusion term is not so
small and there exists the bias in the first order estimators. Therefore, we need to consider the asymptotic
expansion of the estimators with respect to € and this is the future work.

17



2. Adaptive Bayes type estimation for small diffusion processes
Set A®?2 = AA* and C[A] = tr(C A*) for matrices A and C of the same size, where x means the transpose.
Let B(:E,ﬁ) - bb*(m76)r AXZ - Xti - Xtifli ai—l(a) - a(th;l?a) and Bl—l(ﬁ) - B(Xtid?ﬁ)'

For a matrix A, we define ||A||? = tr(AA*) and | - | denote the Euclidian norm.

Let & and i be the convergence in probability and convergence in distribution, respectively.

We simply write |[flla < |lgllar when there exists a constant Cjy; > 0 such that ||f|lar < Cullgllar for
f,g € LM(P).

Let X? be the solution of the ordinary differential equation corresponding to e = 0, i.e., dX? = a(X?, a*)dt,
X0 = xo.
0

Let Cf’l(Rd x ©;RY) denote the space of all functions f satisfying the following conditions: (i) f(x,6)

is an Ri-valued function on R?¢ x © that is continuously differentiable with respected to = and 6 up
to order k and I, respectively. (ii) for [n| = 0,1,...,k and |v| = 0,1,...,[, there exists C > 0 such that

sup|s¥Vom f| < C(1+4|z|)¢ for all z. Here, n = (n1,...,nq9) and v = (v1,...,1;) are multi-indices, | = dim(®©),
2e)

n|=n14+---+ng V=1 +-- 4y, =07"---9), 0;=0/0x;, i =1,...,d, ¥ =98] ---9,", 9; = 9/9b;,
i=1,... .1
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In this paper, we make the assumptions as follows.

[A1] (i) There exists K > 0 such that for all z,y € R?,
sup la(z, @) — a(y, a)| + sup|lb(z, B) — b(y, B[ < Kz — y|.
a0, B,

(i) ing det B(z, 8) > O.

[A2] a(z,0) € CO*(RY x ©4;RY), b(z, B) € CD*(RY x @4, RTQR").

Let
Y(l)(a> - %/ ‘CL(X?, Oé) - a(Xth Oé*) g dta
Ré
(2) — _1 0 o\-1 0 a*\ det B(Xto,ﬂ)
Y (B) - 2 /Rd {tr [B(Xt 7B) B(Xt 76 ) Id] + lOg detB(Xto,B*) dtv
Y&(a) = _%/ B(XP,8)7 1 [(a(Xto,a) —a(XtO,oz*)>®2} dt.
Ré

[A3] There exist positive constants x(1, x(?), x(3) such that for all « € ©, and g € S,

Y (@) < —xPla-ao P,
Y@ < —xP|g-pP
Y®) < —x®la— a2

19



Let

o~ (Iéj(e*)>1§i <p °
1(07) = < o (Iéj(ﬁ*))lgi,jﬁq |

190"y = / (0n,a(XP,0")) " BXD, 8)00,a(XD, a)dt,
Rd

g 1
(g = St {B1(85,B)B™(93,B)(X?, ") } dt.
Rd

20



We assume that the prior densities m1(«) and w>(8) are continuous and satisfy that

0 < infm(a) < supmi(a) <oo and 0 < mf wQ(B) < supma(f) < .
a€®, a€®, peo CISSF

The quasi log-likelihood functions Ue(,k)(a), Ue(,,%)(a,ﬁ) and Uéﬁ?(a,ﬁ) are as follows.

U (@) = —% z”: |AX; — hnai-1(@)|* (hn) Y,
U (@,8) = —5 3 {logdet Bi(8) + (2h) B4 [(AXi = huaa(@))®2] },
=1
UD (@) = 53 (Eh) BIAB) [(AXi — haa ()]
1=1

The initial Bayes type estimator a(l) and the adaptive Bayes type estimators a., and
Ben are defined as

f@a a€Xp {Ue(,}z)(&)} m1(a)da

&) =
T [ exp {Ue(,%)(a)} m(a)da
5 Jo,Bexp {Ue@)(a&), B)} m(8)d
T Jo ex {UR@R,8)} ma(8)ds
s Jo. vexp {Ue(,%)(a, Be,n)} m1(a)da

f@a exp {Ue(,:?l)(a, Ben)} m1(a)da .
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Proposition 2 Assume [A1]-[A3]. Then for all M > 0, as ﬁ = 0(1),
(i) sup Ep. [ 1@l — o) ] < oo.
(it) sup By ||v/n(Fon — 5[] < oo
(i) sup Ey. [\e—l(&g,n — o) M} < oo

€,N

Theorem 3 Assume [A1]-[A3]. Then, as = 0(1),

1
ev/n
(€ (@en — o), V(Ben — B)) 5 (C1,C2) ~ Nppg(0,1(6)7H)

and

Ep [f (€ Y (Gen — @), vVn(Ben — B9))] = E[f(C1,¢2)]

for all continuous functions f of at most polynomial growth.
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Hybrid type estimation

It is possible to consider the hybrid estimation as follows. Let r1,70 € (0,1] and rx < 2r17.

= O(1) and e(v/n)Y =0O(1) as n — oo and ¢ — 0.
HY,, (a) = & 2UD (),

67L7‘1
1
(2) _
Henrz(Oé?B) - (\/H)Q—QT’
The initial Bayes type estimators aglnhl and Bg},rz are defined by
e f@aaexp {Hg,ln),rl(a))}wl(a)da
T o exe {HE, () } m(a)da
Jo, Bexp {HE. (G652, 8) } ma(B)dB
f@ exp {HZ),, (63, 8) } m2(B8)dB

Hybrid estimators &., and B, are defined by

§,_.

€

———UP(a, B).

52, =

U (&en, B2,) = supUS(a,32,),
ac®,,
Ue(%) (&G,TM Be,n) == sup Ue(%) (&e,na B)v
) ﬁe@ﬁ )
where
1 n
UM(a) = -5 Z IAX; — hpai—1(a)]? (2hn) 7L,
=1

U2 (e, B)
=1

UD(@ ) = 23 (@r)BE) [(AX — huai 1(0))?].

1=1

‘% > {logdet Bi-1(8) 4 (ha) 1B (B) [(AX: — haai-1(a))®?] },

Note that
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Proposition 3 Let r1,7o € (0,1]. Assume [A1]-[A3]. Then, for all M > 0, as

0(1),

(i) sup Ep [ —7"1(04(937,1 —a*)

€,N

| <.

M
@) sup By || (/i (3%~ 59| | <o

(iii) sup Ep || (Gen — a*)‘M} < 0.

€,n

(V) sup Ep. |[va(Fen — 8] | < o0

Theorem 4 Assume [A1]-[A3]. Then, as = 0(1),

v
(€7 (Gen — @), V1(Ben — B9) = (G, C2)

and

Ep [f (6_1(546,71 - Oé*)a \/E(Bem - B*))} — E [f(Cla CQ)]

for all continuous functions f of at most polynomial growth.
Remark 1 When r1 <1 and r» = 1, it is easy to show that

By | £ (€1 (@en — o), Vr(BE,, = B9 ) | = EU(C1, )]

for all continuous functions f of at most polynomial growth.

D S
e\/n
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Example and simulation results

We consider one-dimensional diffusion process as follows

B>+ (X§)?

dX; = (a1 — asX; — 2sin (a3X;)) dt + €
¢ (o 240 ¢ ( () 1+ B1(X5)2

Xo = 2.

dw; te€[0,1], €€ (0,1],

where 6 = (a1, as, as, 81, 82) iS an unknown parameter, and

the true value is 6* = (a3, ab, o, 55, 85) = (3,7,5,0.5,5), and

the parameter space is © = [0.01, 20]°.

The data (X;) are generated for e = 0.01,0.05,0.1 and n = 100, 1000.

We do simulations for the hybrid estimator § = (&cn, Ben) in Theorem @ and

the adaptive ML type estimator § = (acn, Ben) in Theorem O, which is defined as

vty = supUd(a),
) ) ozE@a )
Ue(%)(&gln)age,n) — SUDUE(%)(&Eln)?B)y
) ) /Be@ﬁ ) )
Ue(:q?(av’e,na Be,n) = Ssup UE(L;)L)(a7 Be,n)-
’ ac®,
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We do not deal with the adaptive Bayes type estimator in Theorem B because
the estimator in Theorem @ is better than the estimator in Theorem 3 in view of computational cost.

We calculate the mean and the standard deviation of each estimator from 1000 independent sample paths
based on the true model.

Optim in R is used to calculate the adaptive ML type estimator § and the hybrid estimator 8 and
the initial Bayes type estimators & and § are calculated with one of the MCMC method, the mixed
preconditioned Crank-Nicolson (MpCN) method proposed by Kamatani (2014) for 5 x 10* Markov chains

and 5 x 103 burn-in iterations.

The initial value (af, a8, a3, 8, 89) is the true value or is derived from the uniform distribution on ©.
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In Tables 7—9 the performance of the adaptive ML type estimator and the hybrid estimator seems to be
almost the same and

both the adaptive ML type estimator and the hybrid estimator are unstable when ¢ = 0.1.

In Table 10 however, the adaptive ML type estimator with the initial value being the random number
from the uniform distribution on © has a considerable bias for many cases.

On the other hand, both the initial Bayes type estimator and the hybrid estimator show the good perfor-
mance even if the initial value is derived from the uniform distribution on © in Tables 11-12.

Noting the standard deviations of the estimators a3z and as in the case that e = 0.05 and n = 1000,
there exist the differences between the standard deviations of the estimator asz in Tables 8 and 11 or
those of the estimator a3 in Tables 9 and 12.

This is because the initial Bayes type estimator in Table 11 fails to estimate the parameter o} for some
cases, and so does the hybrid estimator in Table 12.

On the other hand, the standard deviations of the initial Bayes type estimator asz in Table 13 are close
to those of Table 8 and

the standard deviations of the hybrid estimator asz in Table 14 are very close to those of Table 9 when
r1 = 0.2 or 0.3.

This means that the initial Bayes type estimator obtained by adjusting r1 in Table 13 has good behavior
and the hybrid estimator with r1 = 0.2 or 0.3 and r, = 1 in Table 14 is very good as well as the adaptive
ML type estimator with initial value being the true value in Table 13.

In Table 15, for all r, =0.2,...,0.8, the intial Bayes type estimator with r; = 0.3 are worse than the best
estimator (the hybrid estimator with r1 = 0.3, 7o = 1).
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dX§ =
Xo =

(oq — OQ.X,;€ — 25sin (O@Xte)) dt + €

2.

Bo + (X§)?

1+ B1(Xf)?

d

we tE [0,1],

e € (0,1],

Table 7. adaptive ML type estimator § with the initial value being the true value

€ n a1 %) a3 B1 B2
3.0 7.0 5.0 0.5 5.0
100 3.1522 7.1602 4.8413 0.5835 4.8717
01 (0.98947) (1.00240) (0.65782) (0.24111) (0.60907)
1000 3.2158 7.3645 4.9263 0.5060 4.9793
(1.02660) (1.05284) (0.64899) (0.06575) (0.18120)
100 2.9804 6.8725 4.8843 0.5633 4.8352
0.05 (0.42147) (0.46175) (0.18826) (0.21750) (0.50216)
1000 3.0204 7.0451 4.9827 0.5046 49779
(0.42371) (0.47758) (0.18772) (0.06437) (0.17050)
100 2.9587 6.8171 4.8928 0.5212 4.7987
001 (0.08148) (0.09088) (0.03566) (0.20404) (0.47476)
1000 2.9935 6.9818 4.9893 0.5042 4 9774
(0.08183) (0.09426) (0.03540) (0.06365) (0.16647)
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B + (X§)?

AX{ = (a1 — 02 X{ — 2sin (aa X)) di + e ﬂl(Xf)det te0,1], eec(0,1],
Xo = 2.
Table 8. initial Bayes type estimators &) and 32 with the initial value being the true
value
) - & &0 a® 5 G
3.0 7.0 5.0 0.5 5.0
o0 | 31649 7.1480 4.7996 0.6732 5.1323
01 (1.20757) (1.11918) (1.48767) (0.29173) (0.76265)
' 1000 3.2260 7.3494 4.8652 0.5125 5.0004
(1.24486) (1.17456) (1.42835) (0.06691) (0.18440)
100 2.9846 6.8875 4.8773 0.6373 5.0509
0.05 (0.43101) (0.47242) (0.24526) (0.23818) (0.54857)
' 1000 3.0209 7.0544 4.9753 0.5104 4.9963
(0.43633) (0.49534) (0.19661) (0.06483) (0.17158)
100 2.9610 6.8225 4.8978 0.5884 4.9974
001 (0.08270) (0.09308) (0.03647) (0.21740) (0.50036)
' 1000 2.9931 6.9819 4.9901 0.5098 4.9952
(0.08406) (0.09780) (0.03677) (0.06414) (0.16728)
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dXe =
Xo =

(041 — CYQXte — 25sin (O¢3Xte)) dt + €

2.

B + (X§)?

14 B1(X5)?

dw

t tE[Oal]a

e € (0,1],

Table 9. hybrid estimator 8 with the initizil value being the initial Bayes type
estimators & and 3 in Table 8

€ n %} %) a3 B1 B2
3.0 7.0 5.0 0.5 5.0
100 3.1550 7.1218 4.8144 0.6176 4.9223
01 (1.19584) (1.10431) (1.53128) (0.27304) (0.66270)
1000 3.2141 7.3304 4.8795 0.5081 4.9827
(1.17337) (1.11897) (1.45665) (0.06666) (0.18295)
100 2.9797 6.8707 4.8786 0.5958 4.8868
008 (0.42335) (0.46139) (0.24277) (0.23516) (0.52298)
1000 3.0205 7.0452 4.9827 0.5069 4.9818
(0.42371) (0.47757) (0.18772) (0.06472) (0.17092)
100 2.9582 6.8159 4.8916 0.5525 4.8489
001 (0.08138) (0.09071) (0.03542) (0.22260) (0.49509)
1000 2.9935 6.9818 4.9893 0.5065 4.9812
(0.08183) (0.09426) (0.03540) (0.06409) (0.16688)
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dXe =
Xo =

Table 10. adaptive ML type estimator 8 with the initial value being the random value

(041 — OAQXte — 25sin (043Xt6)) dt + €

2.

Bo 4 (X§)?

14 51(X5)?

dw

t tE[O,l],

e € (0,1],

€ n a1 Qo a3 b1 B2
3.0 7.0 5.0 0.5 5.0
100 2.6085 6.5868 9.3934 0.5274 4.9402
o1 (1.37309) (1.26410) (5.99408) (0.21488) (0.53280)
1000 2.7294 6.8550 9.3538 0.5005 4.9864
(1.43034) (1.26317) (6.00919) (0.06586) (0.18174)
100 2.0566 5.8877 0.2164 0.3671 5.1388
005 (0.85040) (1.01678) (5.18264) (0.28195) (0.70839)
1000 2.2951 6.3334 9.0811 0.4701 4.9944
(1.00509) (1.13409) (5.91092) (0.24035) (0.56477)
100 2.0081 5.7267 8.4996 0.2530 10.4713
001 (0.98288) (1.12613) (5.28508) (0.29049) (5.67697)
1000 1.9570 5.7185 8.7171 0.2544 5.6897
(1.06001) (1.29344) (5.27892) (0.24249) (0.76937)

The adaptive estimator is quite unstable.

The optimization of QLL fails because of the wrong initial value.
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dXe =
Xo =

Table 11. initial Bayes type estimators a1 and 3(2 with the initial value being the

(a1 — apX; — 2sin (a3 X)) dt + €

2.

Bo 4 (X§)?

14 B1(X5)?

random value

dw

t tE[O,l],

e € (0,1],

¢ n &gl) &gl) &gl) ~§2) ~§2)
3.0 7.0 5.0 0.5 5.0
o0 | 3.0860 7.0710 5.3707 0.6693 5.1246
0.1 (1.27922) (1.17129) (2.99609) (0.29384) (0.75495)
1000 | 31539 7.2856 5.4848 0.5123 4.9996
(1.31686) (1.21481) (2.99470) (0.06677) (0.18449)
o0 | 29674 6.8703 4.9606 0.6348 5.0523
0.05 (0.46493) (0.50537) (1.10689) (0.24042) (0.54990)
000 | 3:0052 7.0380 5.0437 0.5100 4.9965
(0.47404) (0.52699) (1.06207) (0.06509) (0.17177)
o0 | 29565 6.8174 4.9236 0.5877 5.0364
0.01 (0.12124) (0.13517) (0.47845) (0.21938) (0.83245)
' 000 | 2-9869 6.0748 5.0244 0.5081 5.0015
(0.13426) (0.15316) (0.54853) (0.07048) (0.19432)

Compared with the adaptive estimator in Table 10, the initial Bayes estimator in Table

11 is stable.
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dXE =
Xo =

(Oél — OéQXte — 25sin (Cngf)) dt + €

2.

B+ (X§)?

14 B1(X5)?

dw

t tE[O,l],

e € (0,1],

Table 12. hybrid estimator § with the initial value being the initial Bayes type
estimators & and 3™ in Table 11

€ n a1 %) a3 B1 B2
3.0 7.0 5.0 0.5 5.0
100 3.0989 7.0785 5.3928 0.6157 4.9194
01 (1.27256) (1.15228) (3.00612) (0.27360) (0.66030)
1000 3.1639 7.2916 5.5051 0.5080 4.9822
(1.30059) (1.18150) (2.99580) (0.06659) (0.18311)
100 2.9628 6.8543 49617 0.5935 4.8885
008 (0.45765) (0.49362) (1.10814) (0.23745) (0.52359)
1000 3.0068 7.0332 5.0506 0.5066 4.9821
(0.45617) (0.49930) (1.05550) (0.06494) (0.17108)
100 2.9535 6.8106 49175 0.5515 4.8856
001 (0.12169) (0.13577) (0.47933) (0.22425) (0.81001)
1000 2.9862 6.9729 5.0241 0.5047 4.9871
(0.14533) (0.17245) (0.55603) (0.07110) (0.18999)

The initial value is quite important for optimization of QLL.

Unfortunately, the s.d. of the hybrid estimator in Table 12 is larger than the one of the
adaptive estimator in Table 7.
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Initial Bayes type estimator with tuning parameters 1 and r,

The initial Bayes type estimators a&)m and Be(,%),,b are defined by

f@a o €XPp {62_2T1Ue(,717,) (Oé)} m1 (o) do
f@a exp {62_2T1U€(%)(Oé)} m1(a)da ’

Jo, Bexp { =UR @500, B) | m2(8)dB
Jo, %0 { 7= UR @0, 8) | m2(8)dB

~(1) —

enrl

5(2) —

€,M,T>

where

1 n
UE(}L)(O() = 5 Z IAX; — hnai—l(a)|2 (Eth)_la

U (a, ) = —% >~ {logdet B.1(8) + (h) By (8) | (AXi — hnai1(e))*] }.
1=1



dX¢

Xo

Table 13. initial Bayes type estimators a1 and 3 with r, = 1, e = 0.05 and n = 1000

In this example, the initial Bayes estimators with the tuning parameters r1 = 0.2 or 0.3 and r, = 1 have

good behavior.

(041 — OQX}6 — 2sin (Ck3Xt€)) dt + €

B + (X§)?

1+ B1(X()?

dw

t

t € [0,1],

e € (0,1],

2.

e &gl) &gl) &gl) ~§2) ~§2)
3.0 7°0 5.0 0.5 5.0
01 | 29386 6.7986 5.7185 0.4730 4.9692
'+ | (0.38420) (0.40359) (0.41996) (0.06666) (0.17111)
0o | 29787 6.9202 5.0128 0.5051 4.9913
< | (0.41936) (0.45566) (0.32924) (0.06572) (0.17195)
03 | 30141 7.0188 4.9092 0.5075 4.9934
> | (0.43359) (0.48016) (0.28671) (0.06498) (0.17171)
04 | 30181 7.0421 4.9585 0.5089 4.9948
| (0.44859) (0.50395) (0.51720) (0.06491) (0.17162)
o5 | 3.0107 7.0396 5.0079 0.5094 4.9957
2 | (0.46482) (0.51930) (0.88014) (0.06491) (0.17151)
06 | 3.0049 7.0365 5.0423 0.5096 4.9960
9| (0.47892) (0.53252) (1.00453) (0.06507) (0.17140)
07 | 3.0026 7.0349 5.0508 0.5008 4.9962
© 1 (0.47721) (0.53111) (1.08994) (0.06512) (0.17148)
0g | 3.0020 7.0341 5.0581 0.5097 £.9961
' | (0.48074) (0.53613) (1.15824) (0.06507) (0.17145)
0o |  3.0064 7.0394 5.0264 0.5101 4.9964
2| (0.46961) (0.52317) (0.92606) (0.06500) (0.17166)
1 3.0052 7.0380 5.0437 0.5100 4.9965
(0.47404) (0.52699) (1.06207) (0.06509) (0.17177)
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dX: =

Xo = 2.

Table 14. hybrid estimator d with the initial value being the initial Bayes type estimators &) and (2

(a1 — apX; — 2sin (Ongf)) dt + €

B2 + (X§)?

1+ p1(X5)?

with o =1, e = 0.05 and n = 1000

dw; t€ [O, 1],

e € (0,1],

r1 o1 oo as S1 B2
3.0 7.0 5.0 0.5 5.0
0.1 3.0146 7.0397 49777 0.5067 4.9815
11 (0.43261) (0.48466) (0.31640) (0.06482) (0.17108)
0.2 3.0202 7.0452 4.9812 0.5068 49817
21 (0.42416) (0.47805) (0.19371) (0.06472) (0.17093)
0.3 3.0212 7.0464 4.9806 0.5068 49817
31 (0.42378) (0.47754) (0.19390) (0.06472) (0.17093)
0.4 3.0165 7.0426 4.9895 0.5068 49817
41 (0.43269) (0.48206) (0.49660) (0.06471) (0.17093)
0.5 3.0088 7.0354 5.0230 0.5066 4.9818
5 1 (0.45058) (0.49496) (0.88463) (0.06484) (0.17091)
0.6 3.0039 7.0312 5.0501 0.5066 4.9820
61 (0.46056) (0.50223) (0.99592) (0.06490) (0.17088)
0.7 3.0033 7.0303 5.0590 0.5065 4.9820
71 (0.45931) (0.50169) (1.09509) (0.06501) (0.17084)
0.8 3.0039 7.0302 5.0651 0.5065 4.9821
S | (0.46011) (0.50334) (1.15122) (0.06491) (0.17110)
0.9 3.0074 7.0340 5.0337 0.5067 4.9820
91 (0.45249) (0.49633) (0.92607) (0.06485) (0.17090)
1 3.0068 7.0332 5.0506 0.5066 4.9821
(0.45617) (0.49930) (1.05550) (0.06494) (0.17108)

The s.d. of the hybrid estimator is smaller than the one of the initial Bayes estimator in Table 13.

It is worth mentioning that the hybrid estimators with r; = 0.2 or r, = 0.3 has good performance similarly

as the adaptive estimator in Table 7.
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dX¢

Table

Bo + (X§)?

(a1 — axX; — 2sin (a3 X;y)) dt + € n Bl(Xf)det te[0,1], ee(0,1],
= 2.
15. initial Bayes type estimators a{) with »1 = 1 and 3@ for e = 0.05 and
n = 1000
" &0 &0 &:(31) 52 52
3.0 7.0 5.0 0.5 5.0
0o | 30141 7.0188 4.9092 26938  11.4400
<1 (0.43359) (0.48016) (0.28671) (0.22217) (0.49244)
04| 30141 7.0188 4.9092 1.1431 7.0083
%1 (0.43359) (0.48016) (0.28671) (0.19775) (0.65410)
0.6 3.0141 7.0188 4.9092 0.61550 5.3287
01 (0.43359) (0.48016) (0.28671) (0.07644) (0.21264)
0.8 3.0141 7.0188 4.9092 0.5263 5.0531
© | (0.43359) (0.48016) (0.28671) (0.06655) (0.17611)
1 3.0141 7.0188 4.9092 0.5075 4.9934
(0.43359) (0.48016) (0.28671) (0.06498) (0.17171)

36



dX¢

Bo + (X§)?

(a1 — a2 X; — 2sin (a3 X{)) dt + 61 + B1(X5)2

dwy t€ [O, 1],

e € (0,1],

Xo = 2.

Table 16. hybrid estimator § with the initial value being the initial Bayes type
estimators &) with r1 =1 and 3 for e = 0.05 and n = 1000

T2 & & a3 b1 B2
3.0 7.0 5.0 0.5 5.0
0o | 3.0189 7.0411 4.0840 0.5100 4.9900
21 (0.55507) (0.59683) (0.25308) (0.06470) (0.17071)
0.4 3.0344 7.0540 4.9810 0.5085 4.9856
41 (0.44984) (0.50571) (0.20451) (0.06467) (0.17086)
0.6 3.0246 7.0484 4.9809 0.5073 4.9827
01 (0.42519) (0.47874) (0.19494) (0.06469) (0.17090)
0.8 3.0218 7.0467 4.9807 0.5069 4.9819
© 1 (0.42384) (0.47751) (0.19401) (0.06471) (0.17092)
1 3.0212 7.0464 4.9806 0.5068 4.9817
(0.42378) (0.47754) (0.19390) (0.06472) (0.17093)
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3. Application to adaptive estimator for ergodic diffusions
(This is a joint work with Yuto Yoshida.)

We consider a d-dimensional ergodic diffusion process defined by the following stochastic differential
equation

dXy = b(Xy,B)dt + a(Xy, a)dwy, Xo = x0 (2)
where w is an r-dimensional standard Wiener process,
xo IS a deterministic initial condition,
0 = (a,B) € ©, x ©3 = O with ©, and ©3 being compact convex subsets of R”* and R%, respectively.
Moreover, a: R x ©, - RI®@R" and b : RY x ©5 — R

0* = (a*, B*) is the true value of # and we assume that 6* € Int(©) and the parameter spaces have locally
Lipschitz boundaries, see Adams and Fournier (2003).

The data are discrete observations X,, = (Xt?)ogign with t = ih, and t; = nh, = T,,.

We will consider the situation when h, — 0 and nhl, — 0 as n — oo, and there exists ¢y € (0,(p —1)/p)
such that n® < nh, for large n.
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Let Cf’l(Rdx@; RY) denote the space of all functions f satisfying the following conditions:

(i) f(z,0) is an R?valued function on R¢ x ©, (ii) f(z,0) is continuously differentiable
with respect to x up to order k for all 8, and their derivatives up to order k are of
polynomial growth in = uniformly in 6. (iii) for |[n| =0,1,...,k, 0"f(x,0) is continuously
differentiable with respect to 6 up to order [ for all x. Moreover, for |v| = 1,...,l and
In| =0,1,...,k, 6"0"f(x,0) is of polynomial growth in x uniformly in 6.

Let F+(R%) be the space of all measurable functions f satisfying that f(z) is an R-valued
function on R with polynomial growth in z.

Let & and i be the convergence in probability and the convergence in distribution,
respectively.

Let Ly be the infinitesimal generator of the diffusion (2):
Lo =Y, bi(z, 3)0; + 3 szzl Aij(x, ) 0;0;.
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Set A(z,a) = aa*(x, ), where x denotes the transpose. Let AX; = Xy — Xyn |, Ajim1(a) = A(Xyp , @) and
bi—1(B) = b(Xer ,B).

We make the following assumptions.
[C1] (i) There exists K > 0 such that for all z,y € R¢,

sup |a(z,a) — a(y, )| + sup |b(z, B) — b(y, B)| < K|z — yl.
a€EQ, BEOg

(i) inf,o det(A(z, @) > 0.
(iii) There exists a unique invariant probability measure uy of X; and for any f € F(R?) satisfying

Jga | F(@) |19 (dz) < 00, @s T — oo,

1 T
?/ f(Xt)dt£>/ f(@)po-(d),
0 R¢

(iv) sup; E[| X¢|M] < oo for all M > 0.
(v) For any g € F(R%) satisfying fRdg(:C),ug*(d:B) = 0, there exists G(z), 0,;,G(z) € H(R?) (i = 1,...,d)
such that for all z,

Lo-G(x) = —g(x).
(Vi) Ta(0*) = (Fa(6%)ij)ij=1,.p and [3(0*) = (I'g(6*)i;)ij=1,.,q are invertible, where

1

Fa(0%)i; = 5/ tr{ A7 (80, A) A7 (80, A) (2, @) Y pag- (d),
Rd

(0% = /(%b(w,ﬁ*))*A(fB,a*)_laajb(fb,ﬁ*)ue*(dx)-
Rd

[C2](k,1) be CP*(RYx ©5;RY). a € C;*(RY x ©a; RT®RY).
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Let
I(g*)z(ra(e*) 0 )

0 5(6%)
and
_ 1 _ . det(A(z, a))
Y(a) = —5 /Rd {tr [A(:z:,a) LA(z, a) — Id] + log det(Alz. o) } we-(dx),
" = - / Aw, @) (b, 8) - b, 5) i (d).
Rd

Moreover, we make the following assumptions.

[C3] There exists a positive constant x such that Y(a) < —x|a — a*|? for all a € ©,,.

[C4] There exists a positive constant ¥ such that Y(B8) < —%|8 — B*|? for all 8 € ©;.
B

Remark 2 (i) For a sufficient condition for [Al1]-(v), see Pardoux and Veretennikov (2001). For example,
in addition to [A1]-(i)-(it), we assume that sup, , |A(z,a)| < co and that there exist co > 0 and Mg > O
such that for all 65,

z*b(z,B) _

EJ -

Then, [Al1]-(v) holds with [A1]-(4i1)-(iv).
(i) Let e1 = €o/(2(p— 1)) and f € C;*(R? x ©). Under [A1],

co for all x satisfying |x| > Mop.

M
1
sup Ey- |sup [ n® —Zf(thl,G)—/ f(z,0)py-(dx) < 00
neN 0co n =) R

for all M > 0, see Uchida (2010).
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Type III adaptive ML estimator for ergodic diffusion processes

In order to get the type IIl adaptive ML estimator (Kessler (1995), and U and Yoshida (2012)), we
consider the following QLL. Let ko = [p/2] and note that nh? — 0. Set 6 = (@, 53).

Vél)(a) = —% Z log det(A;_1 o Z Ai__ll(o‘)[(Xt? — Xt?_l)®2].
i=1 =1
VREE = -5 R @IC - Xy, — habi1(8)7),
1=1
and for k=1, ..., ko,
n k+1
VP (o | 0) = —% hpt AT (@) [ (X — X )®2 — Zhﬂp(” (6) | +logdet A 1(a) ¢,
i=1 j=2
n k+1 ©2
VERHR(5 1 8) = 23 mrati@ || Xe - X, - habia(®) - Y WEO@ ||
i=1 j=2

where for l,q =1,...,d, fi(z) = z;, hy(z) = (z — X )i(z — X )q,

D, (@)1, = —Lfmq<xtn> ) (O =~ L]fz(th ).
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Let p> 2, ko =[p/2] and lp = [(p —1)/2]. In the same way as Kessler (1995) and U and Yoshida (2012),
~(2ko—1) 5(2ko) x(2ko+1)

the adaptive ML type estimators &, , BT, ayy are defined as follows. For k =1,2,..., ko,
vi@EM) = sup ViP(a),
aEQ,
VERBED | aP D, By = sup V(B | alh b, B,
BEOg
V£2k+1)(5é7(12k+1) ‘ &T(lzk—l)’BT(le)) —  sup Vézlﬁ-l)(a ‘ &ng—l),B7g2k))’
acO,

where we define B(O) =

Theorem 5 (U and Yoshida (2012)) Let p > 2, ko = [p/2] and lo = [(p — 1)/2]. Assume [C1],
[C2](2ko, 2ko + 1), [C3], [C4]. Then as nh? — 0,

(Vn(@2otD) — %), \/nh, (825 — 8%)) 5 (C1,¢2) ~ Ny g (0, T71(6%))

and

Ep-[f(Vn(aoF D) — o%), \/nh, (B2 — 8))] — E[f(C1,¢2)]

for all continuous functions f of at most polynomial growth.
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Application of adaptive estimation for small diffusions to ergodic diffusions

We consider the following QLL. Let ko = [p/2] and note that nh!, — 0. Set 6 = (@, B).

n

1 2
(1) = _ n— X )82 _ :
UD () = T Z |[(Xi = X )2 — hpA; 1 (a)]|
i=1
1 - 2
(2) = _ n— X — ;
U (8) s D | X = Xe, = habia (8)]
i=1
and for k=1,..., ko,
1 k41
V(@ |8 = —3 Bt A (o) | (X — X )22 =) WD (8) | + logdet A; 1(a) &,
i=1 j=2
1 n k41 ®2
k42 a _ —1 4-1 /= , ( /)
VT(l )(6 | 9) - _5 Z hn Ai_l(a) Xt? - Xt;’;l - hnbz—l(ﬁ) - Z h] ’ 1(‘9) )
i=1 j=2

where for l,q =1,...,d, fi(z) = z1, hyy(x) = (2 — X0 )iz — Xir g,

(J) (e)lq —Ljhlq(Xt” ), —(]) (Q)l = —Ljfl( )
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7(2ko=1) = 5(2ko) = 5 (2ko+1) 5re (efined as follows. For

Let ko € N. The new adaptive ML type estimators &,
k=1,2,...,ko,

uP@E) = sup U (a),
ac,
UP(BP) = sup UP(B),
Bmeeﬁ
VéQk—l—l)(&%Qk—l—l) ‘ 5(%21@—1)76782]@)) — 5“(5 VT(LQk—i_l)(Oé ‘ &%2k—1))8£2k))’
acQ,
VD (FEHD) | G@HD, ) = sup VEHD( | aPRHD), 5E).
BEOs

Theorem 6 Let p > 2, ko = [p/2] and lo = [(p — 1)/2]. Assume [C1], [C2](2ko,2ko + 1), [C3], [C4].
Then, as nh? — 0,

(Va2 — a*), \/nhn (B — 57)) 5 (¢1,C2) ~ Npytq (0, 171(67))

and

Ep-[f(vn(a2oFD) — o%), \/nh, (B2 — )] — E[f(C1,¢0)]

for all continuous functions f of at most polynomial growth.
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Hybrid estimation for ergodic diffusions

Let ¢g=1/p and r = min{1/2,1/(p — 1)}.

where

UM ()

U2 (B)

1
= — Z Xt? — Xt;“:l — hnbz—l(ﬁ)

Jo, avexp {E5UP (@)} ma(a)da
o exp UMD (@)} mi(a)da
feﬂ B exp {WU;LQ) (ﬁ)} mo(B)dp

Jo, xp { st (8) } ma(8)dp

n

1
—5i D (X = X )¥2 = PnAi-1 (@) |
=1

n

2
)

2hni=1
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Let ko = [p/2] and o = [(p — 1)/2]
follows. For k=1,2,...,ko — 1,

. T he hybrid type estimators

G(2ho=1) = 5(2ko) = 5 (2koF1) Hre defined as

sup U (o | &2, 3Ry,

M£2k+1)(5z7(12k:—|—1) | &2 Ry —
a€B,
UPHD(FEHD) | G@HD, FE0) = sup UPHD (5 | &Y, 5EY),
BEOg
where
L& k+1 2
UPHD (0 | 0) = T D (X = X )2 = hpdica(e) = Y D@
i=1 j=2
L& k+1 2
UPFDE18) = =D X = X, — habia(B) = Y WTO @)
=1 j=2
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Finally,

VPRI (@GRt | gPomh) B = sup VPt (a | &, BP9,
a€,
Pk (F(2Ko) | 5(ko-1) F(2ho=2)y  —  gup PRRI(g | koD F(2ke-2)),
BEOs
where
L lo+1
VEH( |8) = =23 htAT(e) [(Xy = X )2 =Y “mDi(8) | +logdet Aii(a) ¢
} j=2
n @2
_ 1
VEIE 1) = 33 hAL@) | X X, - hubea(d) Zh%‘f”1<9>

where for l,q =1,...,d, fl(:c) = xy, hlq(x) = (m — Xt?_l)l(x — Xt?_1)q'

(]) (e)lq —Ljhlq(Xt” ) —(3) (Q)Z —L]fl( )

Theorem 7 Let p> 2. Assume [C1] and [C2](2ko,2ko + 1), [C3], [C4]. Then as nhl — 0O,

(Vr(a@otD) — 0%) \/nh, (B — 8)) 5 (¢1, ) ~ Npiggy (0, I71(6%))

and

Ep [f(vn(aot™ — o), \/nha (B8R — )] — E[f(¢1, ¢2)]

for all continuous functions f of at most polynomial growth.
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Thank you for your kind attention
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