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The plan of this talk

The setting + spectral stability with respect to bounded magnetic field
perturbations.

Problem 1: construction of a magnetic matrix unitary equivalent with the
band Hamiltonian and its rewriting as a 'Peierls substituted’, Weyl

quantized WVDO.

Problem 2: prove that given a magnetic field perturbation of strength e,
the spectrum moves at most like €/2.

Problem 3: prove that given a slowly varying magnetic field perturbation
of strength ¢, the spectral edges move like .

Problem 4: when does a slowly varying magnetic field perturbation of
strength € create gaps of order €?
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The unperturbed operator

V is a bounded, Z9-periodic scalar potential with d =2 or d = 3,
Ho = —A + V and oy is an isolated spectral island of Hy which consists of
the range of N > 1 Bloch bands.
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The unperturbed operator

V is a bounded, Zd—periodic scalar potential with d =2 or d = 3,

Ho = —A + V and oy is an isolated spectral island of Hy which consists of
the range of N > 1 Bloch bands.

We know [Helffer and Sjostrand 1989, Nenciu 1991, Panati 2007, H.C.,
Herbst and Nenciu 2014, Panati and Monaco 2014] that if d < 3 we can
construct N exponentially localized composite Wannier functions {WJ}JN:1

N
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The unperturbed operator

V is a bounded, Z9-periodic scalar potential with d =2 or d = 3,

Ho = —A + V and oy is an isolated spectral island of Hy which consists of
the range of N > 1 Bloch bands.

We know [Helffer and Sjostrand 1989, Nenciu 1991, Panati 2007, H.C.,
Herbst and Nenciu 2014, Panati and Monaco 2014] that if d < 3 we can
construct N exponentially localized composite Wannier functions {WJ}J’\’:1
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J=1~ez? iLaez
Define a(x) := fol sB(sx) A x ds. Here we assume that
B; < 1.
je?"{?2>f3} IBjllc1(rey <
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The magnetic phase

Denote the magnetic flux of a unit magnetic field through a triangle with
corners at 0, x and x’ by:

1
d(x,x) = /0 a(xX' +s(x —x')) - (x = x')ds = —¢(x', x).
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The magnetic phase

Denote the magnetic flux of a unit magnetic field through a triangle with
corners at 0, x and x’ by:

1
d(x,x) = /0 a(xX' +s(x —x')) - (x = x')ds = —¢(x', x).

If d =2 and B =10,0,1]:

1 1
d(x,x') = _EB (xAX) = E(XZX{ — xhx1).
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The magnetic phase

Denote the magnetic flux of a unit magnetic field through a triangle with
corners at 0, x and x’ by:

1
d(x,x) = / a(xX' +s(x —x')) - (x = x')ds = —¢(x', x).
0
If d =2 and B =10,0,1]:
b(x,x') = —%B ((xAX) = %(ngg ).

An important estimate is the following:

ﬂ(X,y,X,) = ¢(X, y) + ¢(y7xl) - ¢(X, X/), |f/(X,y,X/)| < |X - y| |y - X,|.
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Spectral stability

Let Hp = (—iV — ba)? + V.
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Spectral stability

Let Hp = (—iV — ba)? + V. The next result is well known, see [H.C. &
Nenciu 1998, Briet & H.C. 2001, H.C. 2010, Iftimie & Purice 2013|.

Fix a compact set K C p(Hp). Then there exist by > 0, o < oo and
C < oo such that for every 0 < b < by we have that K C p(Hp) and:

SUE (Hb — Z)_l(xjx/) = eibd)(x’x,)(Ho _ Z)_l(x, X,) <Ch e—a|x—x’|.
ze
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Spectral stability

Let Hp = (—iV — ba)? + V. The next result is well known, see [H.C. &
Nenciu 1998, Briet & H.C. 2001, H.C. 2010, Iftimie & Purice 2013|.

Fix a compact set K C p(Hp). Then there exist by > 0, o < oo and
C < oo such that for every 0 < b < by we have that K C p(Hp) and:

sup ‘(Hb — Z)_l(X7X/) — eibd)(xvxl)(HO _ Z)_l(X’ x/) S C b e—a|X—X’|.

zeK

Thus Hp has an isolated spectral island o}, close to gg. Applying the Riesz
integral formula we obtain:

‘Pb(x,x') — ePX) py(x, X' )| < C b eI,
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The first problem
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The first problem

1. Construct an orthogonal family of vectors = ; , € L?(R9) with v € Z9,
J€A{l,....,N} and 0 < b < by such that

s < Ce 1 and  Ran(Py) = Span{=, 15},
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The first problem

1. Construct an orthogonal family of vectors = ; , € L?(R9) with v € Z9,
J€A{l,....,N} and 0 < b < by such that

1=,6(x)] < Cem®* 7 and Ran(Pp) = Span{=, ],

N
P, = Z Z |=r,6) (=]

~yezd j=1
2. If the field is constant, show that:
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The first problem

1. Construct an orthogonal family of vectors = ; , € L?(R9) with v € Z9,
J€A{l,....,N} and 0 < b < by such that

1=,6(x)] < Cem®* 7 and Ran(Pp) = Span{=, ],

N
P, = Z Z |=r,6) (=]

~yezd j=1
2. If the field is constant, show that:

Po=3_ Z\T (W) (T (wip)l,  [PE()](x) = €™ f(x 7).

~ezd j=1

The first problem



Important consequences

1. The restriction of Hj, to the range of P, is unitarily equivalent with a

bounded operator T, : 12(Z9) @ CN s 12(Z9) @ CN given by the matrix
elements:

To(v.Ji7'J") = (Zyj.lHo Zy v b)-
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Important consequences

1. The restriction of Hj, to the range of P, is unitarily equivalent with a
bounded operator T, : 12(Z9) @ CN s 12(Z9) @ CN given by the matrix
elements:

To(7:4i7",J") = (Zq4.1Hb 2y jr b)-
2. One can prove that Tp(7,/;7,j) is exponentially localized in |y —+/|,
uniformly in b small enough.
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Important consequences

1. The restriction of Hj, to the range of P, is unitarily equivalent with a
bounded operator T, : 12(Z9) @ CN s 12(Z9) @ CN given by the matrix
elements:

To(v:4:7",J') = (Sv4blHb =5 jr.b)-
2. One can prove that Tp(7,/;7,j) is exponentially localized in |y —+/|,
uniformly in b small enough.
3. If the field is constant, Tp(v,j;7', /') = e~ P2 ) Ty(v, jiv', ')
depends on v — 4 and it can be diagonalized by a Floquet unitary.
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Important consequences

4. Let the field be constant. Let Q = [~1/2,1/2]¢ be the unit square in
R? and define the N dimensional matrix

hp(nf) =D e 2™ Ty(7,4:0.), ke
~vezd
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Important consequences

4. Let the field be constant. Let Q = [~1/2,1/2]¢ be the unit square in
R? and define the N dimensional matrix

hk,b(j’jl) = Z e_i27rk.’y:l\-;(7’j; Ovj/)v k € Q.
~vezd

We then have:

(T2(wj ) [HoTh (wyr ) = €007 /Q 2™y (j,j")dk.
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Important consequences

4. Let the field be constant. Let Q = [~1/2,1/2]¢ be the unit square in
R? and define the N dimensional matrix

hk,b(j’jl) = Z e_i27rk.’y:l\-l/7(7’j; Ovj/)v k € Q.
~vezd

We then have:

(T2(wj ) [HoTh (wyr ) = €007 /Q 2™y (j,j")dk.

It turns out that hy p(j, ') has an asymptotic expansion in b, all its terms
being real analytic in k and Z9-periodic. The spectrum of the matrix hk.0
coincides with the N Bloch bands of Hy corresponding to og.
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Peierls substitution

5. Assume that the magnetic field is slowly varying, i.e. it comes from
a.(x) := a(ex) with a € [C1(R?)]? and supycpe |0jak(x)| < const where

B(x) = e(da)(ex).
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a.(x) := a(ex) with a € [C1(R?)]? and supycpe |0jak(x)| < const where

B.(x) = e(da)(ex).

Stokes theorem gives:

¢€(xuxl) = / ac +/ ae _/ dc.
[0,x] [x’,x] [0,x]
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Peierls substitution

5. Assume that the magnetic field is slowly varying, i.e. it comes from
a.(x) := a(ex) with a € [C1(R?)]? and supycpe |0jak(x)| < const where

B.(x) = e(da)(ex).

Stokes theorem gives:

¢€(xuxl) = / ac +/ ae _/ dc.
[0,x] [x’,x] [0,x]

Up to an error of order € we have:

eifh,ﬁlae/ei27rk~(7—7/)hk70(j,j/)dk in (z°)eCN.
Q
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Peierls substitution

Up to an another error of order € we have:

iac(7)/2)-(v=7) / 2™ 0= p o(j,/)dk in P(Z*) @ CN.
Q b
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Peierls substitution

Up to an another error of order € we have:

iac(7)/2)-(v=7) / 2™ 0= p o(j,/)dk in P(Z*) @ CN.
Q b

Consider the matrix valued symbol F(&,x) := he_a (x),0- Every x € R? can
be written as v + x with x € Q.
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Up to an another error of order € we have:

iac(7)/2)-(v=7) / 2™ 0= p o(j,/)dk in P(Z*) @ CN.
Q b

Consider the matrix valued symbol F(£,x) := he _a.(x),0- Every x € R? can
be written as v + x with x € Q.

The Schwartz integral kernel of F's Weyl quantization in
[2(R?) @ CN = [L2(Q) @ 1?(Z?)] @ CN is:

5(5 _ Kl)eiae(§+(7+7,)/2)'('7_7/) / e;gﬁk.(v_,y/)hk o(j,j’)dk,
Q )
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Peierls substitution

Up to an another error of order € we have:

iac(7)/2)-(v=7) / 2™ 0= p o(j,/)dk in P(Z*) @ CN.
Q b

Consider the matrix valued symbol F(£,x) := he _a.(x),0- Every x € R? can
be written as v + x with x € Q.

The Schwartz integral kernel of F's Weyl quantization in
[2(R?) @ CN = [L2(Q) @ 1?(Z?)] @ CN is:

5(5 _ Kl)eiae(§+(7+7,)/2)'('7_7/) / e;gﬁk.(v_,y/)hk o(j,j’)dk.
Q )

"lsospectrality up to order ¢”
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Perturbation of rational fluxes

Let b:27r§—|—ewith p,q € N.
Denote by:

Ng:=(qZ) x Z={[gn,72] : m2€Z}, Bg:={[0,0],...,[qg —1,0]}.
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Perturbation of rational fluxes

Let b:27r§—|—ewith p,q € N.
Denote by:

Ng:=(qZ) x Z={[gn,72] : m2€Z}, Bg:={[0,0],...,[qg —1,0]}.

Every point v € Z9 can be uniquely represented as:

a+x=[qgy, ] +x, acl; x¢cbB,
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Perturbation of rational fluxes

Let b:27r§—|—ewith p,q € N.
Denote by:

/\q = (qZ) X Z = {[q’Yla’)Q] : 71,2 S Z}7 Bq = {[07017 L) [q - 170]}
Every point v € Z9 can be uniquely represented as:
a+x=[qgy, ] +x, acl; x¢cbB,

The kernel of the effective operator can be re-expressed in terms of the
new coordinates as follows:

Hb(a,ﬁ,j; O/,)_(l,j/) _ eib¢(a+5,a’+5/)7'(a — o+ X — KIU.,J.I)-
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Perturbation of rational fluxes

[Upf](c, x, ) := eiﬂp71vzeib¢(a,z)f(a’Lj)

then

[UsHo Ul(a . ) = 80/ 1)pln—obioe i) gteel i)

T(a—ao +x—x54,7).
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Perturbation of rational fluxes

This operator can be seen as an operator in /2(Zd) & CIN with the kernel:
Ho(y, x,4:7, X, j) =ei<ao0)
- (= 1)PO1=1)(277) i (bo+e) (12 —75) (1 )2

“T(lg(y1 —1),72 — 7] +x— x5 4,7
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Perturbation of rational fluxes

This operator can be seen as an operator in /?(Z%) ® CN with the kernel:
He(v,x,5i7, %, J1) =907
- (—1)POr= 1) (27%2) g (bote) (1272 ) (1 +x4) /2
T(la(v =), 72 =l +x = x14.J)-
The new Bloch fiber matrix will be of the type (Ng) x (Ng) and equals:

hee(x, i X' J) = Z e—i27fk~7(_1)pv1vzef(wp/q+e/2)vz(51+z’1)
~eZd

“T(lav1, 72l +x — x5 j, J').

The first problem



Harper model with half-flux

Here d =2, N =1, T(m,n) =1 if m®> + n?> = 1 otherwise it equals zero,
and bp =mie. p=1and g=2.
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Harper model with half-flux

Here d =2, N =1, T(m,n) =1 if m®> + n?> = 1 otherwise it equals zero,
and bp =mie. p=1and g=2.
The Bloch matrix is of the type 2 x 2. Up to an € order error, the new

Bloch matrix is:
[ 2cos(2mky) 2 cos(2mky)

2cos(2mky) —2cos(2mky) |

Its two eigenvalues are given by:

:l:2\/c052(27rk1) + cos?(2mky)

which generate four Dirac points at [+1/4, +1/4].
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Harper model with half-flux

Here d =2, N =1, T(m,n) =1 if m®> + n?> = 1 otherwise it equals zero,
and bp =mie. p=1and g=2.

The Bloch matrix is of the type 2 x 2. Up to an € order error, the new
Bloch matrix is:

2cos(2mky)  2cos(2mky)
2cos(2mk;) —2cos(2mky)

Its two eigenvalues are given by:

:l:2\/c052(27rk1) + cos?(2mky)

which generate four Dirac points at [+1/4, +1/4].
Helffer-Sjostrand and Bellissard shown that gaps of order /e open around
0.
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The second problem

The second problem
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The second problem

Consider the Hilbert space L?(R9) with d > 2. Let (x) := /1 + || and
let > 0.




The second problem

Consider the Hilbert space L?(R9) with d > 2. Let (x) := /1 + || and
let > 0.

We consider bounded integral operators T € B(L?(R9)) to which we can
associate a locally integrable kernel T(x,x’) which is continuous outside

the diagonal and obeys the following weighted Schur-Holmgren estimate:

[ T|o =

max{sup/ | T(x,x")|[{(x — x')*dx, sup/ |T(x,x')\(x—x’>adx’}.
R4 Rd

x'eRd xERY

Let us denote the set of all these operators with C.




The second problem

If T €C® we define {T.}.er C C® given by the kernels

glep(xx) T(x,x).
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The second problem

If T €C® we define {T.}.er C C® given by the kernels
e PX) T (x, x).

The Hausdorff distance between two real compact sets A and B is defined
as:

dy(A, B) := max { sup |nf |x — yl|, sup |nf |x — v
xEAYE yeB
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The second problem

If T €C® we define {T.}.er C C® given by the kernels
e PX) T (x, x).
The Hausdorff distance between two real compact sets A and B is defined

as:

dy(A, B) := max { sup |nf |x — yl|, sup |nf |x — v
xEAYE yeB

Question: how regular is the following map?

R > e dy(o(Te),o(T)) e Ry
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The second problem

[H.C. and Purice 2011]. Let H € C* with o > 0 be self-adjoint and
consider a family of Harper-like operators { T }.cr as above. The map

R > e dy(o(Te),o(T)) € Ry

is Hélder continuous with exponent 3 := min{1/2,a/2}. More precisely,
for all eg we can find a numerical constant Cg > 0 such that:

(0 (Teot5), 9(Te)) < Co |1 TI25 1817,




The second problem

[H.C. and Purice 2011]. Let H € C* with o > 0 be self-adjoint and
consider a family of Harper-like operators { T }.cr as above. The map

R > e dy(o(Te),o(T)) € Ry

is Hélder continuous with exponent 3 := min{1/2,a/2}. More precisely,
for all eg we can find a numerical constant Cg > 0 such that:

(0 (Teot5), 9(Te)) < Co |1 TI25 1817,

The result is sharp for o > 1.




The second problem

[H.C. and Purice 2011]. Let H € C* with o > 0 be self-adjoint and
consider a family of Harper-like operators { T }.cr as above. The map

R > e dy(o(Te),o(T)) € Ry

is Hélder continuous with exponent 3 := min{1/2,a/2}. More precisely,
for all eg we can find a numerical constant Cg > 0 such that:

(0 (Teot5), 9(Te)) < Co |1 TI25 1817,

The result is sharp for o > 1.
Previous contributors: Elliot, Avron, Herbst, Simon, Helffer, Sjostrand,
Nenciu, Bellissard, Mantoiu, Iftimie,...
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The third problem

Denote by £(¢€) one of the quantities supo(Te), info(T) or || T¢||, where
T, is as before.
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Question: is £(e) more regular than the other points of the spectrum?
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The third problem

Denote by £(¢€) one of the quantities supo(Te), info(T) or || T¢||, where
T, is as before.

Question: is £(e) more regular than the other points of the spectrum?

[Bellissard 1995] proved Lipschitz regularity for Harper like operators and
constant magnetic field.
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The third problem

Denote by £(¢€) one of the quantities supo(Te), info(T) or || T¢||, where
T, is as before.
Question: is £(e) more regular than the other points of the spectrum?

[Bellissard 1995] proved Lipschitz regularity for Harper like operators and
constant magnetic field.

What about the general case?
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The third problem

Theorem
[H.C. and Purice 2014].

If1 < a < 2, then there exists a numerical constant C, > 0 with
limg o C,, = 00, such that

£(e) = EO)] < Gall Tlla e/
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The third problem

[H.C. and Purice 2014].
If1 < a < 2, then there exists a numerical constant C, > 0 with

limg o C,, = 00, such that

£(e) — £(0)] < Call Tlla €]/
If « > 2, then there exists a numerical constant C > 0 such that

€(e) = E(O)] < C[Tll2 [e[ In(1/]e]);
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The third problem

Theorem

[H.C. and Purice 2014].
If1 < a < 2, then there exists a numerical constant C, > 0 with
limg 7o Co = 00, such that

£(e) — £(0)] < Call Tlla €]/
If « > 2, then there exists a numerical constant C > 0 such that
|€(e) — €(0)] < C[[Tll2 le| In(1/[el]);

Let a > 2 and assume that the magnetic field perturbation comes from a
constant magnetic field. Then there exists a numerical constant C > 0
such that

€(e) — £(0)] < C|Tll2 |e]-

The third problem 22 /31
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The fourth problem
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The fourth problem

Consider a slowly varying magnetic field B ,(x) := €(1 + nb(ex)) and the
corresponding magnetic matrix

eiaﬁe,n(w’)/ 2k (r=7) \ (k) dk.
Q
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The fourth problem

Consider a slowly varying magnetic field B ,(x) := €(1 + nb(ex)) and the
corresponding magnetic matrix

eiaﬁe,n(w’)/ 2k (r=7) \ (k) dk.
Q

Question 1: if n = 0, do we get Landau-like spectrum around the
maximum and minimum of \?
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The fourth problem

Consider a slowly varying magnetic field B ,(x) := €(1 + nb(ex)) and the
corresponding magnetic matrix

eiaﬁe,n(w’)/ 2k (r=7) \ (k) dk.
Q

Question 1: if n = 0, do we get Landau-like spectrum around the
maximum and minimum of \?

Yes: Bellissard, Helffer, Sjostrand, Kerdelhue, ...
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The fourth problem

Consider a slowly varying magnetic field B ,(x) := €(1 + nb(ex)) and the
corresponding magnetic matrix

eiaﬁe,n(w’)/ 2k (r=7) \ (k) dk.
Q

Question 1: if n = 0, do we get Landau-like spectrum around the
maximum and minimum of \?

Yes: Bellissard, Helffer, Sjostrand, Kerdelhue, ...

Question 2: if n # 0 is small, are the gaps preserved?
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The fourth problem

Consider a slowly varying magnetic field B ,(x) := €(1 + nb(ex)) and the
corresponding magnetic matrix

eiaﬁe,n(w’)/ 2k (r=7) \ (k) dk.
Q

Question 1: if n = 0, do we get Landau-like spectrum around the
maximum and minimum of \?

Yes: Bellissard, Helffer, Sjostrand, Kerdelhue, ...
Question 2: if n # 0 is small, are the gaps preserved?

Ongoing work with Helffer and Purice.

The fourth problem
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Existence and construction of localized Wannier functions:

1. Fiorenza,D., Monaco,D., Panati,G.: Construction of real-valued
localized composite Wannier functions for insulators. Preprint 2014
http://arxiv.org/abs/1408.0527

2. When N = 1: Nenciu, Helffer-Sjostrand.
3. If d <2, ongoing work H.C., |. Herbst and G. Nenciu.
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