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Figure: Lowest annual level of the Nile River from 722 to 1281
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Figure: Increments of Nile data
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The correlogram decreases very slowly

p(k)~ C|k|=P, with D> 0?
@ Behavior different to usual ARMA processes
@ Long Memory or Long Range Dependent process

= Define such a process

= Estimate the parameters of this process
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0 Long Memory Processes
@ Basic definitions
e Definition(s) of LM process
@ Two famous examples of LM processes
@ Limit theorems for LM processes

@ Estimation of the LM parameter
@ The estimation problem
@ Parametric estimators
@ Semi-parametric estimators of LM parameter
@ Results of simulations
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Definition
Let X = (Xk)kez be a sequence of r.v. on (2, A,P). Then X stationary:

Vm € N* Y(ki, - km) € Z,¥c € Z, (X, » Xe) 2 Kegres s Xy

Examples: X i.i.d.r.v., ARMA(p, g), GARCH(p, q),...

Other definition: X is a second order stationary process then:

e EX) = C and autocovariance r(k) = Cov(Xj, Xj + k) for any j, k € Z

1 .
= If it exists, spectral density f(\) = 5 E r(k)e ™ *, X e [-m,7]
T
kEZ
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Suite de v.a. independantes suivant une loi binomiale sur (1,2,3,4)
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Figure: Sequence of B(4,1/2) r.v.
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Example of an ARMA process trajectory

Une trajectoire d"un processus ARMA(L,1)
T T T
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Figure: ARMA(1,1) process

Jean-Marc Bardet, SAMM, Université Paris Statistique pour des processus longue-mémc 10 / 48



15

10

-10

—-15

Marc Bardet, SAMM, Université

Une trajectoire d"un processus ARCH(2)
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Figure: ARCH(2) process




Definition
Let X = (Xk)kez be a second order stationary process

X is a Long Memory Process <— Z |r(k)| = o0
keZ

Exemple: X = (Xk)kez with Xx = Xp for all k € Z.

Consequences: If X LM process:

@ The spectral density of X, if it exists, is not continuous;

@ This definition is not really satisfying
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Definition (1)

X = (Xk)kez is a LM stationary second order process

r(k) = |k|=PL(|k|), for k #0, with
e D €]0,1[ LM parameter

@ L slowly varying function in oo, i.e.: Vt > 0, limy_y 00 L((t;()) =1

Counter-example: X = (Xi)kez with X = Xo for all k € Z is not LM.
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Definition (2)
X = (Xk)kez is a LM stationary second order process
f(A) = |)\|D_1M(ﬁ) , for A\ =0, with
e D €]0,1[ LM parameter

@ M a slowly varying function in oo

Remarks:
@ Definition (1) implies Definition (2) (Abélian Theorem);
o Definition (2) + decreasing of r(-) implies Definition (1) (Tauberian
Theorem).
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Definition
X = (Xt)ter H-self similar process with stationary increments (H-SSSI)

(Xcs)s DoeH (Xs)s forany c¢>0
(Xtys — X¢): stationary process for any s € R

Definition
X = (Xk)kez is a LM stationary process when

Xk = Yir1 — Y, for k € Z, with (Yk) H-SSSI
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Fractional Gaussian Noise
Definition (Kolmogorov, 1940, Lévy, 1965)
Y = {Y: t € R} is a Fractional Brownian Motion

—

Y is a centered Gaussian process with stationary increments

such as EY? = o?|t]?H, 62 > 0, H € (0, 1]

Consequences:
@ Y is the only Gaussian H-SSSI process

@ X = (Y¢+1 — Yi)tez, Fractional Gaussian noise.

= X is LM if H > 1/2: r(k) ~ 0> H2H — 1) |k|?"=2 |k| — o0
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@ Harmonizable representation:

Y: = 0 C1(H)

eit§ -1 —~
@ Temporal representation:

AT W(d¢)

teR

Ye = 02 Go(H) /R (/Ot(u—y)f_%du> dW(y) teR

— Existence of FBM and FGN
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How to generate a FGN path (Xi,- -, X;)?
© Natural idea: Cholesky decomposition of X = (r(|j — i|))1<ij<n = R R’

X =RZ, with Z a sample of Gaussian i.i.d.r.v.

@ Best choice: plug X in a circulant matrix and use the spectral
decomposition of a circulant matrix => spectral decomposition of ¥1/2
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Figure: FGN with H=0.9
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FARIMA(p, d, q) processes

Definition (Granger et Joyeux, 1980)
If € = (€¢)tez white noise, X = {X;,t € R} FARIMA(p, d, q) process when

— (1-B)¥P(B)(X) = Q(B)(e) avec P € Ry[X], Q € Ry[X]

= Xy = Jgo (%)nm with (1:) ARMA(p, q):

Mk + 01mk—1+ -+ Opnk—p = €k + P16k—1 + -+ - + PgEk—q

2 iAY 2 1
Consequence: f()\) = %’ gg:»\;’ TP for A #0

— Existence of X since f > 0 measurable function
— XisLMif0<d<1/2: f(\) ~ C|A|72¢ when X\ —0
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How to generate a FARIMA path (X1, , X,)?

@ Best Gaussian idea: use also the circulant matrix method...

@ Non Gaussian idea: truncation of Zf.io (M)nk—j

r(drg+1)
M .
B Z rG+d) .
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Processus ARIMA Fractionnaire (1,0.4,1)
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Figure: FARIMA(1,d,1) with d = 0.4
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Other example of FARIMA process

Processus ARIMA Fractionnaire (0,0.1,1)
4 T T T T T
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Figure: FARIMA(0,d,1) with d = 0.1
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Limit theorem for the sum of Short Memory processes

Definition
Let € = (ex)kez be a L?-white noise and (ax)k>o0 € ¢2(R). A one-sided
linear process X = (Xx)kez is defined by

X = Zajek_j for k € Z
Jj=0

Consequence: If |aj| = j7PL(j), 1/2 < B <1, X LM with D =23 — 1.
J

Theorem (ibragimov, 1962)
If X is a one-sided linear process with 3", , r(k) = o # 0, then

[V
(V1723 x:) e (AN
=1

t>0 N—oo
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Theorem (Rosenblatt, 1961, Davydov 1970)

If X is a Gaussian or one-sided linear process, E(Xp) =0, Var(Xp) =1, LM
(Definition 1) with parameter D €]0, 1],

[N]
1 D([0.1])
<N1_D/2L1/2(N)2Xt)t20 N (Bl—D/2(t))tzo
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Limit theorem for functionals of Gaussian LM processes

H, be the Hermite polynomial of degree n: Hi(X) = X, Ha(X) = X% —1,..

Call Hermite rank m of f € L2(N(0,1)) if 3(c;); such as f = > e m GiHj.

Theorem (Rosenblatt, 1961, Taqqu, 1975, Dobrushin and Major, 1979)
If the Hermite rank of f is m, if X Gaussian process, E(Xp) =0,
Var(Xp) = 1, LM with parameter D €]0,1/m],

[Nt]

1
(e gy X 1050 (),

b)) E(f(Xo)Hm(X))

N—o00 m!

(Zm,D(t)) t
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Q@ If m=1,0< D <1, the limit process is Z1 p(t) = Bi_p/»(t)

oo (S

D([0 1))
N1 D/2L1/2(N) le) (
J:

Bi- D/Q(t)) >0
Q@ If m=2,0< D <1/2, limit process Z p(t), Rosenblatt process

1) 5

t>0 N—

4 3 (220(0)

t>0 N—>oo

[Vt]
2
ex (Nl D[_1/2(N)Z X
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Theorem (Surgailis, 1980, Giraitis, 1985, Ho and Hsin, 1997, Surgailis, 2000)

K function and K!_ = ( 9 [ K(x —i—y)dux(y))O. If KI, =0 for r < k and

|KX | # 0 < oo, if X LM one-sided linear process, with parameter
D €]0,1/],

N
WP o (KO0 KGO 2 €tk 2o
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Suppose that

e X is LM process with parameter D € (0, 1) unknown;
@ (X1,---,Xu) is an observed trajectory of X.
Aim:

@ Propose a consistant estimator 5,\, of D;

@ Study the asymptotic behavior of 5N.
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Hurst (1953) propose the R/S estimator of D based on:

R(N
Hurst effect: R(V) 2, C(H) N" where H=1—-D/2

S(N) N—oo
R(N) = max {i(X; = Xn)} = min {i(X; ~Xn)}
with 1 N 5
(V) =+ S0 XF -~ Xy
j=1
. . R(N;)
— H estimated by log-log regression of log m onto log(N;)

But not really an accurate estimator... (see Mandelbrot and Taqqu, 1979)
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Natural estimator: estimate D by maximum likelihood
For example, for zero mean stationary Gaussian process:
— 2 log (Lo(X1,- -+, Xn)) = Nlog(2r) + log(|={™
Og( 9( 1, ) n)) Og( 7T)+ Og(| 6 |)
-1
+ (X17 T aXN) (ng)) (Xla
with =5 = (rg (1 — iDr<ijen.

.. ,XN)’

— Oy = Arg mingco { —2log (Lg(Xl, e ,X,,))}
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Numerous drawbacks:

@ Requires the knowledge of the exact distribution

@ Even in the Gaussian case, the study of asymptotic behavior is difficult

e Numerically impossible to be computed for N > 10*
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An approximation: Whittle estimator

Theorem (Szegs Theorem, Whittle, 1953, Dahlhaus, 1989)

Under conditions, for stationary Gaussian process X,

— % log (Lo(X1,- -+, Xn)) — % log(2)
Z 00 = o= [ (loation) + o)) an

T 1 N _ikal? :
where 4 ® In(A\) = m) Y g Xke ‘ is the periodogram
e fy(A) is the spectral density of X

e 5,\, = Arg mingco UN(H) Whittle estimator of ¢
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Asymptotic behavior of Whittle estimator for Gaussian LM

Theorem (Fox and Taqqu, 1987, Dahlhaus, 1989)

If X LM stationary Gaussian, with spectral density fy satisfying conditions
(derivatives...),
VN —0) =5 N (0, 17(6))
—00

ot 1(0) = — /7r (889 log fg(A)) ( 9 \og fg(A))'dA

= Could be applied to X FGN or Gaussian FARIMA(p, d, q).

Jean-Marc Bardet, SAMM, Université Paris Statistique pour des processus longue-mémc 35 /48




@ The proof uses limit theorems for quadratic forms of Gaussian LM
processes + usual arguments for M-estimator

@ By Slutsky Lemma, the central limit theorem implies asymptotic
confidence intervals

© Quite surprising result since convergence rate N
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Extensions

Theorem (Dahlhaus, 1989)

If X LM stationary Gaussian, with spectral density fy satisfying conditions
(derivatives...), with 6y MLE,

VN@On—0) =5 N (0, 17(0)

= Oy et 5,\, are asymptotic efficient estimator in Gaussian case

Theorem (Giraitis and Surgailis, 1990)

If X is a stationary LM linear process, with E(sg) < oo spectral density fy
satisfying conditions (derivatives...),

VN(@n —0) =5 N(0,17(6))

37 / 48
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Let Y = (Yk)x stationary LM Gaussian process and Xx = G(Y)) LM such

" F(A) = AP0 Ly(1/]A))

Theorem (Giraitis and Taqqu, 1999)
Under certain conditions on G,
o If1/2 < D(9) <1, N-PO) (g —0) Né; Ce(6) Ri(D(0))
with R1(D(6)) a Rosenblatt r.v.
o If0 < D(6) < 1/2, NY2(0y — 6) Né; N(0, 0%(8)).
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Temporal representation of FBM:

B — 02 Go(H) /R (/Ot(u—y):"gdu) dW(y) teR

Temporal representation of the Rosenblatt process:

2t =teetr) [ [ ([ - ) awinawt

here H € (1/2,1) and c2(H) = 2HCH=1)
where (1/2,1) and c5(H) P1-H.)

Propriété J

ZH is a H-self-similar process with same second order properties than B
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Whittle estimator of Rosenblatt process increments

(X{!, -+, X[]) where X}! = Z1, — ZH increments of Rosenblatt process
Théoreme
Av 25 H  and  NYM(Hy—H) = y(H)RY
N—o0 N—o0

where RI! is a Rosenblatt r.v. and v(H) defined by:

a 2@H—1) ; (7 firrn2.(0) T a ! -
H) = 10wy s (/_7r () 9) (/_,r 150 g )

Note: we have fy c(\) = W(l —cosA) Y pep [N+ 2km|7172H,
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© Renormalization of parameters for only minimizing fﬂ I"’(A)) dX

@ Limit theorems for JAN(g = [ _g(N) TN()\) d Integrated periodogram
— NH (Ju(g) — En(g)) i> vh.c R (Malliavain calculus...)

© Application to 8H( ) + Taylor expansion:

9,1 o ? 1
= JN<8H( )>:‘(H"" )XJN<8H2(gHN)>
© Prove that N7 EJy(#(%)) - 0
—00
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For d € (—1/2,1/2) and /8 > 0, unknown parameters:

Assumption /(d, 3): There exist ¢y > 0, ¢1 € R, spectral density f satisfies

F(A) = A7 (co + c1|Al® + o(|A[))  when A — 0.

— Estimate d from an observed trajectory (X -

1°°" aXN)
Remark: only the behavior around 0 of f is known
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Whittle estimator:

Oy = Arg [oneig /_Tr (Iog(fg()\)) + ()

i)

= Can not be applied if X satisfies /(d, ) since f, unknown

— Work around 0 instead of [—m,7].
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WN(d, m

= Iog(1 i

m

Robinson (1995) define the local Whittle contrast

k=1

2d 2d &
In(Ak > T Zlog(k/m)
k=
with Mg =27 —

1< 2
_ —ik\
boand () =5 N‘ 3 Xee ‘
k=1
Define the local Whittle estimator
g,(vLW) =Arg  min

de( 1/2,1/2){WN(d m)}
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Local Whittle estimator (3)

Theorem (Robinson, 1995)
Assume I(d B) where X one-sided linear process with E(e8) < oo and

< oo and
o Za(\)=O0(|]A"ta(N)|) when X — 0F with a()\) = Y 2pajel.

Then if m = o(N?%/(1+28)(log N)~2),

Vm (dy = d) 5 N (0, 1/4)

e _IOJ

Dalla, Giraitis and Hidalgo (2005) improves this result: m = o(N27/(1+25))

— Optimal convergence rate: ~ NA/(1+28)(log N)~
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Theorem (Giraitis, Robinson and Samarov, 1997)

An estimator dy is rate optimal in the minimax sense if

2B o~
limsup sup sup N2 - E[(dy — d)?] < .
N—oo de(0.5,05) fel(d,B)

= If 5 is known, EI}\ILW) is optimal in the minimax sense

= If 5 is unknown, build an adaptive estimator?
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Monte-Carlo experiments for Rosenblatt process

[ N=1000 [ H=055 ] H=1065 | H=0.75 [ H=10.85 | H=0.95 |

mean Hy 0.570 0.653 0.736 0.815 0.917
std Hy 0.030 0.041 0.047 0.053 0.050
mean Hape | 0.570 0.634 0.708 0.795 0.906
std Hapc 0.072 0.084 0.094 0.105 0.102
mean Hys 0.499 0.542 0.619 0.685 0.766
std Hws 0.104 0.116 0.115 0.129 0.119

N=5000 [ H=055 | H=065 | H=0.75 [ H=0.85 [ H=0.95 |

mean Hy 0.582 0.655 0.743 0.837 0.929
std Hy 0.014 0.019 0.029 0.033 0.035
mean Hape 0.575 0.627 0.723 0.824 0.919
std Hapc 0.041 0.052 0.062 0.067 0.072
mean Hw, 0.550 0.610 0.698 0.800 0.891
std Hy, 0.055 0.062 0.072 0.079 0.075
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Figure: Estimation (Silverman method) of Hy for H = 0.65, N = 5000 from 1000
independent replications
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