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BERRY’S RANDOM WAVES (1977)

» Berry’s planar random wave, written
Bp={Bp(z):z€R?}, E>0
is the unique planar centred, isotropic Gaussian field such that
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» Equivalently,

E [Br(2)Be(y)] := Jo(2nVE|x —yl|)

> Write b = {b(z) : 2 € R’} for By2)1



BERRY’S RANDOM WAVES (1977)

» Think of b as a “canonical” Gaussian Laplace eigenfunction on R?,
emerging e.g. as a universal local scaling limit for arithmetic and
monochromatic RWs, random spherical harmonics ...

See: Marinucci & Rossi (2016), Canzani and Hanin (2021), Dierickx,
Nourdin, Peccati & Rossi (2023).



NODAL LENGTHS

> B;'(0):= {z € R?: Bp(z) = 0}

> Zp(Q) := length (Bz'(0) N Q)
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GOAL

To fix ideas, let Q be the collection of all rectangles Q C [0, 1]°.
» Forevery £ > 1 and Q € Q, consider Zx(Q).

» Task 1: describe the joint fluctuations, as E — oo, of the random
variables Z£(Q), Q € Q.

» Task 2: describe the functional fluctuations, as £ — oo, of the random
function

(51,82) — fE(Sl,SQ) = fE([O,Sl] X [0, 32]) S1,82 € [0, 1]



VARIANCE ESTIMATES AND CLT

» Berry (]. Phys. A, 2002) —as E — oo:
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» Such an estimate follows from an analytical cancellation in Kac-Rice
formulae: the natural guess for the order of the variance is VE.

» Nourdin, Peccati & Rossi (CMP, 2019):
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JOINT FLUCTUATIONS — PECCATI & V. (2020)

Define:
_/8l12rw

Zi(Q) = log E

{Ze(Q) -E[Ze(Q)}, t>1,
and similarly {.,%(51,32) : (s1,82) €0, 1}2}.

1. Forall Q1,...,Qq € Q,as E — oo, (%(Qﬂ, ... ,:Z;;(Qd)) converges
to a centered Gaussian vector with covariance function

(i, 7) = area(Q; N Q;).

2. As E — oo, the random field {92713(31, s2) : (s1,s2) € [0, 1]2} converges
in the f.d.d.-sense to a standard Wiener sheet.



WIENER SHEET

A standard Wiener sheet {W(s), s € [0,1]?} is a centred Gaussian process
with covariance

E[W (s1,52)W (t1,t2)] = (s1 At1)(s2 At2)
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A realization of a Wiener sheet, pic by George Lowther



FUNCTIONAL FLUCTUATIONS

Question: Does {XE(sl, 52)} converge to a Wiener sheet as a random function

(i.e. in Da, the Skorohod space of cadlag mappings on [0, 1]2)?

Lemma. {X, X,, :n>1} C Dy, X, =Up+Va+W,

(a) asm — oo, U converges weakly to X in Dy,

(b) as n — oo, V,, converges weakly to zero in Do,

(c) foreverye >0, lim ]P’{ sup Wn(t)|>€} =0,

n—0o0 | te[0,1]2

= X, converges weakly to X in D-.



FUNCTIONAL FLUCTUATIONS

> L [q] := proj(fz;a |Cq), C4 :=the gth Wiener chaos associated with b.

» Then,

Lp = Zp2) + Lpld| + Re, where Rp:=Y  Zp[2q],

q>3

Strategy: applying the previous lemma to
(X"7 Un, Va, Wn) = (9%7 9%[4]7 9%[2]7 RE)

1)) .,?E [4] converges weakly to a standard Wiener sheet (OK - easy);

1) Ze[2] converges weakly to zero;

(III) the residual term Rr converges uniformly to zero in probability.



STEP (II) - NOTARNICOLA, PECCATI & V. (2023)

As E — oo,
A0Q1,0Q2) (L

Cov (Zr[2)(@1), Z6[2)(Q2)) = = 22

where
/ (01 (2), ns (2)) dH (z).
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STEP (II) - NOTARNICOLA, PECCATI & V. (2023)

» As E — oo,

4w B4 (L6 [20(Qu), - Z6[2)(Q0)) % Na(0,3)
(i, 5) = M0Qi, 0Q;)

> Var(Z(b; R-Q)[2]) = %ﬁl(a@ +0o(R) R=2nVE



STEP (II) - A CONNECTION WITH BUCKLEY & SODIN (2017)

» Gaussian entire function: {¢,} i.i.d. complex std Gaussian

z»—)f(z)znzzogn% zeC
> fr(z):=f(R2) nr(Q):=#{fz"(0)NQ}

» Var (nr(Q)) = co R - length (0Q) + o(R) R — o0

1

Co

> (nr(Q1) —E[nR(Q1)]), - (nr(Qa) — E [nr(Qa)]) % Na(0,%)

=



STEP (II) - COMMENTS AND CONCLUSION

» hyperuniformity: a variance that scales as the length of the boundary of
R - Q, rather than as area(R - Q) < R?.

» total disorder process:

» the linear span of the processes .25 (Q)[2] and ng(Q) contains an
uncountable collection of i.i.d. centered Gaussian random variables with
unit variance (e.g. Zg(s)[2]).

» physics, random matrix theory.

> As E — oo, the field {.,?E(s)m : (s) €10, 1}2} weakly converges to zero
in D (tightness + estimates for sup of stationary Gaussian fields).



STEP (III)[PARTIAL] — NOTARNICOLA, PECCATI & V. (2023)

Fix K > 1, we define the partition IIx of [0, 1]2 formed by the collection of
squares of side length 2~ *:

» Forevery i = (i1,i2) € {0,...,2" }2, we define the partition points
pl(Kv K) = (pi1 (K)apiz (K)) € [07 1]2 bY

pZI(K) = 27]1(7 p7«2(K) = 27]2(? 1172220713"'52K'

» Fors = (s1,s2) € [0,1]%, we write i,k (s) = (31,5 (51), 92,k (s2)) for the
vector verifying

Piy g (s1) < 81 < Piy g (s1)+1 Pis i (s2) <s2 < Pis g (s2)+1

that is, the vector ik k (s) is such that Pis x (s) (], K) is the closest
partition point to s on the left.



STEP (III)[PARTIAL] — NOTARNICOLA, PECCATI & V. (2023)

Discretized nodal length:

35(51752) = %5 ([Oapi1,K(s1)(K)] X [07pi2’K(32)(K)])

Take {K(FE) : E > 0} numerical sequence s.t. K(E) — oo and
K(E) = o((log E)'/'°) as E — co. Then,

1. foreverye >0, P { sup

s€[0,1]2

Rg(E)(s)‘ > a} —0

2. the normalized process {,Z”NEK(E) (s)} converges weakly to a standard
Wiener sheet W on [0, 1]? in the Skorohod space D2



COMMENTS

Main difficulty for directly dealing with the residual term Rg:

» The expectation of Zk(s) (order \/ E/log E) grows much faster than the
normalizing factor log F.

» Planar chaining argument with Rg requires

VvVE 1

Vlog E 2K

|E [gE(t)} —-E [EE(piK,K(t)(K? K))} ‘ ~
to be bounded.

» This requirement is incompatible with the constrained choice
K(E) = o((log E)'/1°), as is needed in the above statements.



Thank you!



